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Questions - Problem sheet 1

Tuesday, 4. October 2022 22:41

1. A projectile is fired at a target 200 m away horizontally at an angle of 30° to the
horizontal. Calculate the initial velocity required to hit the target and the time taken to

reach the target.

Answer: [47.57 m/s, 4.855 s]
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5 F - 47 68 ms'
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2. A particle moves on a circular path at a constant radius R about a fixed point O with
a fixed angular velocity w. Using a polar coordinate system, find the expressions for
the velocity and acceleration of the particle. What is the magnitude of velocity and
acceleration if R=10 m, and w=2 rad/s?

Answer: [v = Rweg; a = —Rw?e,; v=20 m/s; a=40 m/s’]
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= V = l[O»w2 < 20ms
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3. The position vector of a particle at time t is r=(3t+1)i+2t%j (r measured in metres)
with 7 and j the unit vectors in the horizontal and vertical directions. Find the initial
position vector and show that the acceleration is constant.
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4, A particle moves such that at time ¢:

r =4t +5t%j
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4. A particle moves such that at time ¢:
r =4t +5t%j

At time t=0 the particle has a position vector r=5/ - 6j. Find the position vector at the
general case of time ¢t.

r =2t +5)i + (§f3 - 6]j
Answer: 3

2
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5. A remote control car is being tested in a horizontal playground. At time t
seconds, the position vector, r (in metres), of the car relative to a fixed point O
is given by

r=212 4 —f:j
2 5
At the instant when t = 4s,
a) Show that the car is moving with velocity (36i+32j)ms™ .
b) Find the magnitude of the acceleration of the car.
Answer: [b) 15 ms™?]
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L) =~ Al + éu)"?:": W 12§

o = J &\ + 166 = I1Em&Z

6. A motorist is traveling on a curved section of highway of radius r=750m with
the speed of 90 km/h. The motorist suddenly applies the brakes, causing the
automobile to slow down at a constant rate. Knowing that after t=8s the speed
has been reduced to 72 km/h, determine the magnitude of the acceleration of
the automobile immediately after the brakes have been applied. Tip: Work in

polar coordinates.

Answer: [1.041 m/s?]
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= 0. 0207 = 0D-0322 + OCC$>
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Questions

Wednesday, 12. October 2022 1558

1. The triangle below is rotating about O. Find the magnitude of the velocity and
acceleration at A and B at the instant shown, and show a sketch with the velocity and
acceleration vectors directions. 0OA=1.5m, 0B=2.2 m.

A

[va=7.5 m/s ; va=11 m/s ; 3,=37.62 m/s’ ; as =55.18 m/s? ]
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& 3. Find the velocity and acceleration experienced by a pilot as the plane below "rotates”

at take off speed. Assume the pilot sits 9 m above and 36 m in front of the rear landing
gear. There is 0.5144 m/s in a knot.

[76.43 m/s; 6.32 m/s?]
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4

4. Determine the angular velocity of the spool shown below. The cable wraps around
the inner core, and the spool does not slip on the platform P. Radius of the spool is 2
m, radius of the inner core is 1 m. Velocity of the platform is 1 m/s, velocity of the

cable is 3 m/s.
[4/3 rad/s]

Vg + Vo = wAB

w= Vg + Vg 4/2 aoat §'

AB

5. The bicycle has a velocity v=5 m/s, and at the same instant the rear wheel has a
clockwise angular velocity @ = 3 rad/s, which causes it to slip at its contact point A.
Radius of the rear wheel is 0.6 m, Determine the velocity of point A.

[3.2 m/s]
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17.10.22

Monday, 17. October 2022 08:59
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3. The figure shows 2 slider-crank mechanism consisting of a 4mm radis crank (OA]
which rotates at Xe0revims , and 3 connecting rod {AB) having length % mm

AL the instant shown, angle & = 30

Calculate the magnitude and direction of the velooty oTTiston B refative to crank

centre O, and the anguiar velocity of connectiy rod AB.
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Fundamental Laws of Rigid Body Motion

Newhor's 27 lees

]

E : resultant of the external forces
8. : acceleration of mass cantra

MMME1 28 resu: My = o [E:]
M, : resultant of the applied moments about the axis of rotation
g, : mass mament of inertia about the axis of rotation

@ : angular acoeleration of the rigid body
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2. An oijint, i Eh form of & hisay uriform rectasguiar plale ABCD & used for impact
tiriting of wehichis. 10 b hifgisd ot 5 wpper comirs o tes paraliel reds (0,8, O8] sach
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27730, 8317 N}

"
o
F,T S e
a f—>= i
L
|
> ¢M3 il

= ety horzont ol fores:

—T Ma = F o os4s + Fp cosas
=G|rﬁz % — Q0
- Vewncay
G
Timie F oanes v Fanas = mg
- Mi;@oﬁ_)‘%-vm} —
» Fox monents :
i . . Ae
©: Lé-= (R tinus - Fysinas) 52
_CF' s 45 +anetk5)e'—;-'

- (R-F) AL (e XB O

D Fon Honslotion B:0, 650 & 020 T hayesronics 4
privks o ABLO ane cincadas

Fyg‘k

at /"/'

6%4\—% T Gpn: Oy 0545 omdk aay= - ay sintg
1

4G o4+ Ae: Ba Jor Hranstabion

40| Note © 3 and B oae vot scdated
@

<A k205 @(X=0 on ap D

S Frova Ry = —a“} —_ x = -5

5 lmbinng )8  FitFy s Mgz @

5 From ®
(R-F)as = (F+F) ec
@: F,+%/ = noa. g7
B 2 -2F = FiiF

3R - F, = 0

» F, = 277.47 N F,= 832:4N

Wesk 5 - 241022 P 21

5. A homogeneous rectangular plate measuring 3m x 2m with a mass of 100 kg can
rotate in a vertical plane about a horizental, frictionless hinge © attached to the midpoint
of the shorter side. I it is released from rest with OG hoerizontal (G is the centre of mass
«of the plata) find the angular accelaration of the plate and the reaction force at the hinge
Immeadiately after release.

[ 4.410 rad/s®; 318.5 N [vertically upwards)]

1 3 ¢
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o ZTMEO > 07 126N 125NL - 06AN 0 Bme (D)
F- 218 8N

[ sclv.m&@& ® for Nx 8 N{& fan sk in@D givest-

&. A& uniform cykindrical tube of mass M starts to roll without siiding fram rest dawn a
slope inclined at an angle m. The inner and outer radi of the tube are o and b, Find the
tima T taken for the tuba to roll a distance L down the plana. [The momant af inartia
for objects can be found in the MM1DMS notes).

s
N, = 821N , Ny =6490N  on= 2:033m%

4. In a test to find the moment of inertia of the armature and shaft of a small electric
mator, a mass of 2.5 kg attached ta a cord wound round the 100 mm diameter shaft
was found to be just sufficient to overcama the friction of the bearings, An additional
mass of 3 kg was attached to the cord and allowed to fall freely fram rest (with the card
Initially just taut}. At the and of 10.2 5 the attached overall mass had fallen a distance
of 2 m. If the bearing friction is assumed to remain constant, find the moment of inertia
of the armature and shaft.

[ 1.898 kg.m?]
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Vibrations:

Monday, 7. November 2022 09:02
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1. Determine the equivalence sprng stfness, &, for the mas-spring system in
Figure Qla. Calcufate the natural frequercy of the system.
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2. Draw the ¥-Diagr (FBD) of the spring-pulley system in

Figure 2, and detarming the natural frequency of tha system. Nota that the
pulley has 8 unform mass M with 5 radus of £

P
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5. For the following systems, assume the beams are flexible and massless (l.e.
they can be considered as a spring and therefore have a stiffness assoclated
with them). Draw the correct FBD for the system about mass, M, then
determine the resulting EOM and natural frequency for each system.
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6. Derive the equations of metion and hence find the natural frequencies for the

wibrating in Figure Q& (overleaf). Assume that all
displacements are small. For system (Iil), you should assume that the spring

s pre-loaded in tension so that it never goes slack.
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3. A uniform st#f rod is restrained by linear and torsional springs as shawn In Fom: -4
Figure Q3. The stiffness of linear spring is &, while the stiffness of torsional T0 + (kr k,qz) 86=0
spring Is K. Caulate the natural freguency of the vertical escillation of the v
rod.
[
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7. A wheel (radius r, mass m, moment of inertia about its centre 1) can roll
without slipping on & horizontal plane. Tt is restrained by a horizontal spring
(stiffness k) attached at one end to the centre of the wheel and at the other
end to a rigid vertical wall, as in Figure Q7. Derive the equation of motion
and hence find the natural frequency for the system.

‘What would the natural frequency be If there was no friction between the

wheel and the plane?
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4. For the system given below, draw the correct FBD for each mass, M, and the

resulting EOM for the system. Then determine the resulting natural frequency = F = T > & o)
far the systems. Assuma the beam in Figure Q4(c) is rigid. == =
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Fia- itz Fia. Q4(b) 8. In two of the examples from the lectures, a block Is supported at its centre
serrierserss by a cantilever beam acting as a massless spring. The beam is 150 mm long,
Fs, L kl ¥ has a circular cross-section of diameter 16 mm and is made of steel (take
K, Young’s modulus, £ = 200 GN/m2 and the shear modulus, G = 82.5 GN/m2).

When tested, it is found that the natural frequencies for bending and
M z_ T torsional vibration of the beam are 15 Hz and 23 Hz respectively.
Consider the two modes of vibration separately and calculate the mass of the
K2
Fs.= %

block and its moment of inertia about the beam axis.

64.4 kg, 0.165 kg m’

ks
Firer
Foa  Fs, 7&—\0( eglvalsnt fpaing comstant Fs, = keq"?_
a Kg Ko =7, F Spring dn teries

Apr = 85 + Ag

Azri ba= £
Ko Kz

Week 8 - 07.10.22 Page 31



Apr = F + £
Ko Kz
Ke = € = =
Y ae Er E
Ky Kz
L ! Ko
l"“’r‘ N o By 2 Kz
Ka + ¥ K+ Ko
< Kz ——
> L k.fa,
n M‘('S +®-& =0
[41‘43
IL;_+|43 4 M:] C\(-{— K2 3> =D
kptks
o = K+ LzlL3
B o+ K2
[
g B s s s

b

AL
g
A\
NANNN
% I ﬁ
:
\
\
A\

> 4
5y keq2,3
Ko (*)
kz_ & Ky ane ‘?GJ\QM

o kwlg = KL + k3
— AT k. & kzﬂ 2,2 &2 W Lesles
Kesz 2 K, [
| |
Kk =
ZY K, ke‘i‘)‘,g
Kav b \

= ( |
—
‘I‘ é]’ K, Ky +¥a

!

Ex. ot KLY= Ky + e + Ky
K, (Kot ¥ed

Mi]. - [K\CKZ+K3> 14

K+ Koty
p K, (_‘4'1.“43)
oS K+ K2+l<'_;

Lo, = /K. (et lea)

MK+ 1y 1e2)

Fig. Q4(c)

Week 8 - 07.10.22 Page 32



Photo: Image 15.11.22 at 17.16

Tuesday, 15. November 2022 17:16

Week 8 - 07.10.22 Page 33



Damping:

Monday, 14. November 2022 09:02
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To determine the free response of any system all you need to do Is
know what damping level it contains and choose the

corresponding equation to solve,
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Questions

Thursday, 17. November 2022 17:03
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1. The mass-spring-damper system is shown in Figure Q1, with k = 500 N/m, ¢= 2
N.s/m and m=2 kg. An initial velocity of v is given to the mass at its equilibrium
position (x(0)=0). Determine the expression for displacement of the mass, x(t).

Figure Q1
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2. The system in Figure Q2 is initially at rest. The mass is displaced from its
equilibrium position by 0.02 m. Find the expression for velocity of the mass,
*#(t), if c = 63.24 N.s/m, k=250 N/m and m= 2 kg.

Figure Q2
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3. If the same damper must be used for system in Q2, what parameters can be
changed to ensure the system is lightly damped? What is the criteria for
changing these parameters?

4. A mass of 2 kg is suspended from a spring of stiffness 1 kN/m in parallel with a

viscous damper. When the mass is lifted and released, it is observed that in the
ensuing oscillations the first downward displacement from the equilibrium
position is four times as large as the fourth downward displacement. Find the
damping ratio and the damping coefficient for the system by assuming small
damping. Perform the same calculations without the small damping assumption
and consider the difference.
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5. The rigid beam shown in Fig. Q5 has a moment of inertia of 10 kgm2 about the
pivot at A. End C is displaced downwards by 10 mm from its equilibrium
position and then released from rest. Find the maximum upward displacement
of C from its equilibrium position and the elapsed time at which this ogccurs.
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Figure Q5
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1. Single-axle caravan
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Equation of motion:
M3+ Cz2+ Kz= Cit)+K,r(t)
mi + 2cx + 2kx = 2cr(t) + 2kr(r)

Suppose the road profile Is sinusoidal, so that the displacement
inputis r(r) = Rsinor

Q1. How does suspension stiffness affect the response of the caravan?
Q2. Does vehicle speed affect the response?
Q3. How important are the dampers?
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Questions:

Thursday, 24. November 2022
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1. A circular steel shaft (length 1 m, diameter 40 mm) is clamped at one end and carries a
flywheal with a moment of inertia of 2 kgm? at the other end. The torsion formula is
Zr?‘\- = 32;; - {;9 , and assume that the shear medulus, G, is 80 GPa.
n -
i} Use the tersion formula to find the maximum shear stress in the shaft due to a
static torgue of 800 Nm applied to the flywheel,

i) Calculate the undamped natural frequency for torsional vibration.

] If, instead of the static torque, a sinusoidally alternating torgue with amplitude
B00 Nm and frequency 12 Hz is applied to the flywheel, sclve the equation of
motion to find the steady-state amplitude of the twist in the shaft, neglecting
damping. Hence find the correspending maximum shear stress in the shaft.

) A torsional damper with damping coefficient 100 Nms/rad is now connected
between the flywheel and ground. Re-solve the eguation of mation for the
sinusoidal excitation case in part (i) to obtain the new steady-state maximum
shear stress.

V) Calculate the phase angle between the angular displacement of the flywheel and
the applied torque for the problem in part (iv).

(i) 63.66 MPa; (i} 15.96 Hz; (i) 0.09153 rad; 146.4 MPa;
(iv) 0.06931 rad; 110.9 MPa; (v) -40.78°
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2. Derive the frequency response function | =

L P

H(o)

(e

*

] for the system in Figure Q2.

Figure Q2
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Photo: Image 27.11.22 at 13.50

Sunday, 27. November 2022 13:51
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Multiple Degrees of Freedom:

Monday, 28. November 2022
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Questions:

Thursday, 1. December 2022
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Derive the squatices of mation for sach of the fallowing systems. Assume that all displaceman

1
and angles are small.
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Thursday, 8. December 2022 17:00
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Systems Modelling and Control:

Monday, 30. January 2023

15:57
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Determine the transfer function between the input ¢(¢) and the output x(¢).
Assumptions:
i) Neglect any leakage past the piston

i) Neglect the compressibility of the oil
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Questions

Tuesday, 31. January 2023 15:11

I @> f£63= g,si’z_L + 4w, omeL xz 4 & =0,

= FCD = 058 X(D - X(o> + 4 XD
= (0:5s+ 9HXc) -2
Cb> freo - o2 L, el = A _
F£led ¢é2+olde+gué"—'°<€dr—2wm

€=0

Week 20 - 30.10.23 Page 69



