MMME2044 Dynamics and Control 2020-21

Full worked solutions to selected examples from control section of the course

Introduction

These worked solutions are intended as a supplement to the tutorial examples covered in the seminars.
Only the odd numbered examples are included — this is deliberate, we would like you to try the even
numbered examples for yourselves and we will be happy to help if you are stuck on any of these.

Solutions to the even numbered examples will not be made generally available on moodle.
CONTROL: EXERCISE SHEET 0
1. Determine the Laplace transform F(s) of f(t), if:

a) f() = 0.5%+4x,andx =4whent=0

Solution: In these cases, it’s best to be methodical. The question tells us that x=4 for t=0, so we cannot
use the normal assumption that the system is at rest and x=0 at t=0.

So the Laplace transform of 0.5 % is O.S(SX(S) — f(O))s = 0.55X(s) — 2 from the table of Laplace

Transforms.
4x has a Laplace transform of 4X(s).
And therefore

F(s) =(0.5s+4)X(s) — 2

2
b) f(t) =%+0.1%+3x,andx =10and %= 2whent =0
Solution:
d’x .
The Laplace transform ofﬁ is
s2X(s) — sx(0) — x1(0)
To explain the notation, x1(0) is the value of the first derivative with respect to time - % att=0

From the question:

2
%—)SZX(S) —10s -2
dx
I - sX(s)—10
Hence
Hence:
F(s) = s2X(s) —10s — 2+ 0.1(sX(s) — 10) + 3X(s)
Simplifying:
F(s) = (s?+0.1s +3)X(s) — 10s — 3
c f@) =%+%+0.1%+3x,andx = O,%= O,%= Owhent =0

Using the same breakdown as before:

d3x .
The Laplace transform ofﬁ is
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s3X(s) — sx(0) — x1(0)

2. a) Use Laplace transforms to determine the solution to the following differential equation in the
time domain (i.e. x(t))

I 01 =
az POl tx=s

Where f(t) is a unit step and the initial conditions are taken to be zero

b) Determine the transfer function G(s) of the system analysed in (a) taking f(t) to be the input and
x(t) to be the output of the system.

3. Determine the transfer function for the following, where x; is the input and x,, is the output

d?x, dx, 2.
a) e + 2{w, ar + wpX, = X;
Solution:

Breaking up the expression into its component parts, and remembering that to derive a transfer
function we take the initial conditions to be zero:
d?x,

L
ey 75X, (s)

dx, [
ZanW_)ZCwnon(s)
L
w2, 02Xy (5)
L
x;_Xi(s)
So:
52X, (s) + 20w, sX, () + w2X,(s) = (s? + 2{w,s + w2)X,(s) = X;(s)
The transfer function (what goes out/what goes in):
Xo(s) 1
Xi(s) 24 20w,s + w?

b) Tx, +x; =x,
sTX;(s) + Xi(s) = Xo(s)

Xo(s)
=sT+1
X;(s)
d*x, d3x, d?x, dx, _ odx; _
c) dt4+3dt3+2dt2+2dt+xo—2dt+5xl
(s* +3s3+ 252+ 25+ 1)X,(s) = (2s + 5)X;(s)
Xo(s) 2s+5
Xi(s) s*+3s3+2s2+25+1
Answers:

1. a) F(s) =(055s+4)X(s)—2
b) F(s) = (s?+0.1s +3)X(s) —10s — 3
c) F(s)=(s®+s?+0.1s+ 3)X(s)
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e—0.0St

v1-(0.05)2
b) G() = Garg:

$2+0.1s+1)

2. a)x(t)=1- sin (t 1 —(0.05)%2 + cos™?! 0.05)
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EXERCISE SHEET 1

1. Derive expressions for the transfer functions that relate input force F(t), and output displacement
x(t), of the spring and mass systems shown in figures 1a and 1b.

4
m
X
F(t)
l x
F(t)
Figure 1(a). Spring System Figure 1(b). Mass System

Solution:
For Figure 1a, the physics of the spring gives the relationship between the force, F, and x (the question
states that x is the extension, so F = 0 forx = 0) :

Force ) =kx
Note that at the moment, | am keeping track of direction, we will check through the signs later on.
Expressing this mathematically:

F(t) = k x(t)

(Check that signs are consistent with the definitions)
And with Laplace Transforms:

F(s) =k X(s)

For figure 1b, Newton’s second law of motion states that the acceleration of the body will be the
magnitude of the force divided my the mass:

d?x F(t)
dt2 m
Again, check that signs are consistent — will a positive force give a positive acceleration?

From the tables, the Laplace transform of % (f(t)) is:

S"F(s) —s™1f(0) — s 2f1(0) ...— f*1(0)
2
So % will become s2X(s) — sx(0) — x'(0) — and in this case we assume that initial conditions are zero, so

the Laplace transform of the equation of motion is

s2X(s) =$

So

F(s) = ms? X(s)
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c) Derive an expression for the transfer function G (s) of a system that combines the spring and mass systems
in parts (a) and (b).
The forces acting on the mass are the input force F(s) and the tension in the spring, k X(s). Here, it makes
sense to sketch a free body diagram for the mass to get the directions of the forces (and hence the signs in
the equation) right:

kX(s)

X(s)

F(s)

Combining the answers from (a) and (b):
F(s) =ms? X(s) = F(s) — k X(s)
F(s) =ms?X(s) + k X(s) = (ms? + k)X(s)
Since we are interested in the displacement (response) caused by a given force (input):

F(s)
X)) =—7—
) ms? + k
And hence the transfer function relating input (force) to output (displacement) is:
Output X(s 1
Input  F(s) ms?+k
4. Numerical answers:
X _ 1 X __1
a) G =75 = P b) G(s) =55 = I +kp

5. Derive expressions for the transfer functions that relate input x;, and output x,, of the spring/mass
systems shown in figures 1a and 1b.

M P

}% X0 ’% X1 Xo
Xi Xi

Figure 1a Figure 1b
Solution:
In Figure 1a, think about the force acting on the mass:
Force (=) = K (x; —x,)
This force translates into an acceleration for the mass, M:
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d?x,

M
dt?

K (x; — x,)

Putting the terms in x, and x;on separate sides of the equation:

d?x,
MF-FKJCO: K.Xi

Laplace transforms give:

(Ms? + K)X,(s) = KX;(s)
Xo(s)

To make this into a transfer function, remember that G(s) = X.)
L

Xo(s) K
X;(s)  (Ms?2+K)

Figure 2b follows similar logic: The force on mass M, is given by:

Force (=) = Ky(x1 — x,)
d®x, _

dt?

M, Ky (x1 — %) (1)
There are two forces on mass M;:

Force (=) = Ki(x; —x1)

Force (<) = Ky(x1 — x,)

d?x
Mlﬁ = K1 (x; — x1) = K3 (x1 — x,) (2)

Laplace transforms of equations (1) and (2) give:

M252Xo(5) = K, (X1(5) _Xo(S)) (3)
Mys%X1(s) = Ky (Xi(s) — X1(5)) — Kz (X1(5) — X, (5)) (4)
From (3):
2
X1(5) = Xo(5) (M"’SK—;KZ>

Substituting in (4) for X, (s):

2 2 2
is2x,6) () = b (Xl- (5) = Xo(5) (MzST:KZ)) - K, (Xo O -x, (s>>

M,s? + K, M,s? + K, M,s? + K,
M;5%X,(5) <K—> + K1X,(s) <K— + KX, (s) 7 K> Xo(s) = K1 X;(s)
2 2 2

M,s? + K.
(My157Xo(5) + K1 Xo (5) + K2Xo(5)) (—2 T
2
Simplifying gives:
M;M,s*X,(s) + (KiM, + K, M, + M;K,)s?X,(s)

K>

) — K;X,(s) = K1 X;(s)

+ K1 X,(8) + KX, () — KX, (s) = K1 X;(s)

Which becomes:
M;M,s*X,(s) + (KiMy 4+ K, My + M1 K;3)s2X,(s) 4+ K1 KX, (s) = K1 K, X (s)

6



MMME2044 Dynamics and Control 2020-21

And the transfer function is:
Xo KK,

X, MyMys* + (MyK, + M,K,)s2 + K; K,

5. Derive expressions for the appropriate transfer functions for the tank systems shown in figures 5 a), b)
and c). taking the input and output to be as indicated in the following table:

System Input Output

3a qi hy
3b q; h,
3c q; h;

Where A1, A5, and Az are tank cross sectional areas; hq, hy, and hj are the liquid heights as indicated;
4, q,and q,, are volume flow rates; and Ry, R, and R are linearised flow resistances.
For systems 3a) and 3b) it should be noted that the volume flow rate (g) through the restrictor tap

(denoted by a cross) is given by:
h
q= R
where h is the height of liquid in the tank and R is the linearised flow resistance.
In system 3c) the volume flow rate g through the restrictor tap is related to the difference in liquid
"head" across it by an equation of the form:
_hi—h,
q= R,
where hy, and h, are the liquid heights in two adjacent, connected tanks, and R; is the linearised flow
resistance between the connected tanks.

Figure 5 a) Continuity — volume of water in the tank is given by
L
V = Alhl
q Rate of change of V= what goes in — what goes out:
i
av-dhy
dt - 1 dt - ql qO
From the question,
hy
hl 4 do = R_
1 X=> 1
9o Thus:
Ry L i hy

Laplace transforms give:

Hy(s)
R

AisHi(s) = Q;(s) —

And the transfer function for the system is:
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Hy(s) _ Ry

G =00 = T+ aRs
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Figure 5 c)
l
q; e — |
h,
hy q
Al xa AZ x 4o
R, R,
In this question, we want a transfer function for %:
i
av, _ dh, _ _ hy —h,
dr 1dt—Qi q=4qi R,
de_ dhz_ _hl—hz h,
de g 9T T TR R,
Laplace transforms give:
Hy(s) — Hy(s)
AssHy(s) = Qis) - ——
1
(R1A1s + 1)H;(s) = R1Q;(s) + H(s) (1)
H,(s) — H,(s H,(s
Asit(s) = TLO) = Ho) _Ho(6) o)
Ry R,
Substituting for H,(s) in (2) gives:

_ R1Qi(s) + Hy(s) Hy(s) Hy(s)
AasHa() =P ¥ D R, R,

Rearranging gives the transfer function:

H,(s) _ R,

Qi;(s)  A1A,RiR,s% + (A;(Ry + Ry) + A,Ry)s + 1
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CONTROL: Exercise Sheet 2

SHEET 2: Block Diagram Manipulation

1.

D(s)
R(s) T, K D 2 C(s)
s + s+2
Kl = 1 <
Step 1: In this case we are only interested in % so the first thing to do is to redraw the diagram omitting
the distubance and reference signals:
R(s) T, K 2 C(s)
s

s+2
K1=1

<
)l

Step 2: Combine the forward transfer function (blocks in series multiply):

R(s) T, (K)( 2 ) 2K C(s)

| s)\s+2 =s(s+2)
K, =1

Step 3: Work out the inputs and outputs

A

R(s) * E(s) 2K C(s)

s(s+2)
K1=1

»)
<

Resolving the summing junction gives: E(s) = R(s) — C(s)

Then the forward transfer function gives:

10
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2K
= (R(S) - C(S)) (m)

2K
C(S) = E(S) (m)
C(s)(s(s +2)) = 2K (R(s) — C(s))
Collect the terms in C(s) on the left and R(s) on the right:
C(s)(s? + 2s + 2K) = 2K (R(s))

This gives the transfer function:

C(s) _ 2K
R(s) s2+42s+2K

2.
+ C(s
R(s) 6(s) (
LC6) _ _6()
Answer: R — 116
3.
R(s) U 1 + |1 C(s)
+ s+5 _ s+10

Step 1: assign transfer functions as follows to make drawing and keeping track easier:

1
= — H =
G() s+5 ) s+ 10
The block diagram becomes:
R(s) . GGs) |+ H(s) C(s)

11

2020-21
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Step 2: The end goal is to have a forward transfer function and a feedback transfer function looking like:

R(s) 1~ s G1(s) C(s)

G2(s) e

So to achieve this, the feedback loops have to start at C(s) and finish at the summing junction at the left.

A(s)

R(s) . GGs) |+ H(s) C(s)

So if we move the origin of the upper feedback loop to the right and divide by H(s), the diagram becomes:

A(s) 1
H(s)

R(s) 9 Gis) |+ A\AG) | H(s) C(s)

To verify that this will give the same answer, consider the intermediate signal A(s) produced by the
summing junction. In the original block diagram, A(s) is fed back and subtracted from R(s). In the new
block diagram, A(s) is multiplied by H(s) and subsequently divided by H(s). As these are linear functions,
with no discontinuity, this means that A(s) is still the second input to the summing junction.

Step 3: Using the same logic, move the lower feedback loop to the left of G(s) and feed into the first
summing junction. Be careful with the signs:

1
H(s)
R(s) U Gis) |AB) | H(s) C(s)
4+ E(s -
1
G(s)

Again, to verify: If the input to the first block, G(s) is E(s) then A(s) is given by:

12
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Top diagram: A(s) = G(s) (R(s _%) —C(s)
Bottom diagram: A(S) = GEE(S) = 6(5) (R(s) ~ £2 — £9)

A(s) = G(s)E(s) = G(s) (R(s) — %) —C(s)

So we have shown that these are equivalent:

Step 4: Combine feedback transfer functions remember that elements in parallel follow the signs in the
summing junction:

1 N 1
G(s) H(s)
R(s) S G()H(s) C(s)
+
Step 5: Put s values back in:
G(s) = =s+5 H(s) = ! ! =s+10
s ~s+5 G(s)_S s T s+10 H(s)_S
The block diagram becomes:
s+10+s+5
R(s) U 1 C(s)
+ (s +5)(s +10)

Step 5: Algebra

1
C(s) = (R(s) = (25 +15)C(s)) ((5 +5)(s + 10)>

C(s)(s* + 155 + 50 + (25 + 15)) = R(s)

The transfer function is therefore:

C(s) 1
R(s) (s2+17s+65)

13
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4,
R(s) + K, ! C(s)
s+1 v - s
+ K,
Vel
U
O K
AnSwer: S = sGrD K, (Kpst D)
5.

H,
+
R(s) + C(s)
4t Gl + Gz

Hy

This is quite similar to No. 3 and the approach to take is similar. The upper loop needs to go to the left and
the lower loop to the right. Using the same logic as before:

, H,
G
+ 1
R(s) + ! C(s)
G'l > G2
Hy
Gy

The feedback loops can then be added together to give:

R(s) + cG C(s)
1G2
o _H

Gy Gy

And then

H, H
C(s) = (R(s) _ (G—: _ G—f) C(s)) 6,6,
C(s)(1 + H;G; — HyG,) = GG R(s)

14
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C(s) _ G1G;
R(s) (1+H,G, — H,G,)

6. A system of two tanks similar to the second laboratory experiment (yet different) is shown in figure 7.

1
(t1s + D(12s + 1)

To(s) ——»

o|ew,] oo 1)
(T35 + D(15s+ 1) +

+  Tpq(s)

Figure 7
T represents temperature and Q is the heat input. Determine the overall transfer function for the system

_ Tx(s)
G(s) = To(s)

Answer:

_Ta(s) 1

G =7 = s T D(ys + 1) £ 0016.05)

7. A control system to maintain the speed of a motor is shown in figure 7.

Speed
D(s)
wq(s) + K w(s)
_ S + G(s)
Tachometer
K,
Figure 7.

The motor has a transfer function of G(s) = i

Determine the overall transfer function of the system with w, to w.

15
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Step 1: D(s) will have a different transfer function so we can remove it from the block
diagram:

Speed
w(s)

wg(s) +

@ | X

A 4

G(s)

Tachometer
K,
Step 2: Combine the blocks in the forward section:

Speed
wa(s) KG(s) w(s)
S

A 4

Tachometer

K,

Step 3: Resolve the transfer function:

KG
o) = (0y(5) ~ Kyo(®)
w(s) (1 + KKf(S)> SLELME.
w(s) %(S) _ KG(s)
wya(s) 14 KK.G(s) s+ KK,G(s)

S

16
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Exercise Sheet 3
Q1

q Xout
. Xout

Step 1: Derive a relationship for x;, y, Xyt from the input lever and the feedback link:
From the information in the question,
Y —Xi Xi— Xout
01 09

(Similar triangles — see diagram on the left)

We are also told that the flow rate of hydraulic pump is given by:
q=02ym3s71

And so the rate of change of load position, x,,; is given by the flow rate (change in volume) divided by the

piston area to give the change in length:

dxout= q ms
dt 0.01

-1

Taking Laplace Transforms:
Y(s) — X;(s) _ Xi(s) = Xout (5)
0.1 0.9

Rearranging gives:
I(Y () = Xi(5)) = Xi(5) — Xour ()

9Y(s) + X,y (s) = 10X;(s)

Q(s) = 0.2Y(s)

Q(s) _ 0.2Y(s) _ 5 _ SXout (S)
001~ 001 Y=Y =—p3

SXout(s) =

Substituting for Y (s):

9sX S
g—lg() + Xout(s) = 10Xi(5)

Xout (5) _ 10
X;(s) 1+ 0.45s

17
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Hence, using the form ﬁ, the gain is 10 and the time constant is 0.45.

Check: We can verify the gain using the final value theorem as follows:
If the input, X;(s), is a unit step at t=0

i 1 10 =10
Xour(t = 00) = lim| s (E) (m) -

b): Error at t=1.0s after a unit step input
From the table of Laplace transforms, on page 10:

1
Xi(s) =

1, 10
Xout(s) = §<1 ¥ 0 455)

Taking inverse laplace transforms gives the output in the time domain:
Xoue (t) = p (1 - e_t/T)

12

10

0 1 2 3 4 5 6

Graph 1

This function (the blue line) is plotted in graph 1. The red line is the asymptote, y=10.

At t=1, the error is given by:

Xout(t = 0) = Xp e (E=1) = p (1 — (1 — e_l/T)> =10 X 6_1/0-45 = 1.08

c) For a ramp input given by:
X;(s) = m
L SZ
Using the transfer function calculated earlier:
Xoue(s) _ 10

Xi(s) 1+0.45s

the output in the s-domain will be given by
0.01( 10 ) 0.1

X = =
out(8) =~ 7\ T3 045s) = 521 1 0.455)
To find the velocity lag for t — oo:

2020-21

Method 1: Time domain, taking inverse laplace transforms (number 9, on page 10 of the notes):

18
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Xout () = 0.1t —

1/0' " (1-e"0as) = 0.1t - 0.045 (1 — e~ o)
And so steady state velocity lag = 0.045
Method 2: Final value theorem
] ) ) 0.1 0.1
Velocity lag (t - o) = lsl_r)r(} (s(,uXi(s) - Xout(s))) = 1§r_r)10 (S_Z - m)
0.1(1 + 0.45s) — 0.1 ) 0.045s?

< s2(1 + 0.455) ) -5 <52(1 + 0.455)
Note: either method is correct and both take about the same amount of working: the final choice is up to
you.

=lims
s-0

) = 0.045

Question 2 numerical answers:

KRH;(s)+RQp(s)
1+KR+ARs

2 a) b) K=0.3

Exercise Sheet 4

1. Figure 1 shows a mass-damper-spring system with an applied force p(t).

a. Derive the transfer function G(s) that relates the applied force p(t) to the velocity
of the mass, v(t). Let the Laplace Transform of p(t) and v(t) to be P(s) and V(s),
respectively.

l p(t)

ANNNNNNNNNNNN

Figure 1.
The first step here is to determine the equation of motion in the time domain: if the velocity of the mass
is x then the force due to the damper is —cx (note that it will always oppose the motion). Force due to
the spring is —kx, so the net force acting on the mass will be:
Net force = p(t) — cx — kx
Therefore if the acceleration of the mass is i :
mx = p(t) — cx — kx
Rearranging gives the familiar form:
p(t) = mi + cx + kx
And Laplace transforms give us:
P(s) = (ms? + cs + k)X (s)

19
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This is fine — but the question asks for a transfer function in terms of the velocity, v. | find it easiest to
work in terms of x to here, and then to substitute as follows:
If v = x, then for a system that is initially at rest (number 1 in the table of Laplace transforms):

V(s) =sX(s)

So substituting V(S)/g for X(s): (ms? W(s)
ms“+cs+ k)V(s
S

P(s) = (ms?+cs+k)X(s) =
Rearranging gives the transfer function:

G(s) = V(s) s

P(s) ms2+4+cs+k

b. Determine the steady state velocity response of the mass when a step input force is
applied to the system. The magnitude of the step input is a.

The input force has the Laplace transform:

a
P(S) =E

And so the velocity will be given by:
s a

a
V(s) = G(IP(s) = ;x ms2+cs+k ms:+ces+k

Beware of the pitfall here — this expression can be solved using inverse Laplace transforms or using

the final value theorem. Doing this in the time domain is more involved and requires some

understanding to give a result:

Inverse Laplace:

a

V() =—F——
ms?+cs+k
From the table of Laplace transforms (number 16):

w _ 5 w?
—Ze‘ywt sin (wt\/ 1-— yz) L

1—y s?2 4+ 2yws + w?

a k/m
V(S) = E(sz n CS/m N k/m>

So this system will have a natural frequency k/m (in radians per second) and a damping ratio y

given by C/Zk' In the time domain, the solution \/ﬁ_yze‘y“’t sin(wt\/ 1- yz)is only valid for y <

1 but we are unable to determine this from the question.
Performing reverse Laplace transforms:

v(t) = %(ﬁ e V%t gin (wtwll - y2)> y<1

at
v(t) = ?e‘

Kt/ y=1

(consider the limiting case below for [ = n + §)*

1
v(e) = %(m (e - e-“))

—Cf+ ,(C/ )2_4-k/ —C/— (€, )2_4k/
Where [ and n are —— = Tand ——= = e

2
For all of these forms, the steady state velocity will be zero due to the dominant exponential term.

20
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Using the Final value theorem:
sa

O = V) = vk

s—0

Determine the steady state velocity response of the mass when a ramp input force
p(t) = at, is applied to system.

The first step here is to get the input from the table of Laplace transforms (no. 6,
multiply by o):

o
P(S) =S_2

Multiplying the input by the transfer function gives the output:

o o
= = — X =
V() =GP s2 ms?+cs+k s(ms?+cs+k)
Doing this in the time domain is feasible, but rather involved: the reverse Laplace
transform of this for the underdamped case gives:

W sin (wt\/l——yz + go))

e—ywt

o
V(S) = E(l -

Where w = /k/m, y = C/ZW and ¢ = cos™ly. As t - o, the output becomes:

o
V(S) = E

Using the final value theorem is more straightforward:

lim v(¢) = lim sV (s) = so B o 4
g _SI_EES s ~ s(ms24+cs+k) ms24+cs+k k

As can be seen, both methods give the same answer — my advice would be to be
comfortable with the final value theorem as it takes less time and is generally less error
prone.

Question 2: Numerical answers -

a) V(s) K,
Ve(s) msZ+cs+k+K,

b) V(s) 1
Fp(s) ms?2+cs+k+K,

3. Figure 2a shows a system for controlling the azimuth angle of a large antenna aerial.
The input signal is provided by the input potentiometer, which develops 0.05 Volts
per degree change in input ;. The angular position of the aerial is measured by a
similar potentiometer that also generates 0.05 Volts per degree change in the aerial
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position 6,. The resulting differential error voltage is fed into the power amplifier
which delivers a current to the motor with a gain of 200 Amps/Volt. The servo motor
develops a torque of 0.5Nm/Amp and the moment of inertia of the rotating parts of
the motor is 0.2 kg m2. The gear ratio of the reduction gear between the motor and
the antenna turntable is 10:1 and the moment of inertia of the aerial assembly about
the turntable axis is 10 kg m?2.

A viscous damping torque of 100Nm/(rad s™!) opposes the rotation of the aerial.

Potentiommeter

Antenna
&) .f

r'y/

Dn. sired
azimath angle

imput

Differential smplifier

and power smplafier

“‘1 ',”f . llm”"ﬁ‘h.“iwfxxal"'
r-._
Motor l’u"ﬂh-_:;mlu
Figure 2a. Antenna Azimuth Control System (adapted from Nise, 2000)

a) Draw the block diagram for the system and derive the overall transfer function
relating 6, and 6;.

Solution: First step is to draw the system and the feedback loop:

System Element Transfer function Value

Input Potentiometer K; 0.05 Volts per degree
(scalar constant) (2.86 Volts per Radian)
Feedback Potentiometer Ky 0.05 Volts per degree
(scalar constant) (identical to input pot.)
Power Amplifier (scalar K, 200 Amps/Volt
constant)

Servo motor K 0.5Nm/Amp

Gear train and antenna G(s) See below for working
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V(s) I(s) L(s)

gi (S ) K1 | K2 K3 x G (S) 60 (S )

The working becomes easier if you note that the input and feedback potentiometers are
identical and so the block diagram can also be given as:

V(s) I(s) L(s)

6,(5) P JZ' P P oo ,(s)

» —0—»

To find G(s), consider the physics of the motor and the antenna:

Torque applied:
L Lo=NL

Viscous damping = Cw, Using the formula for the referred

moment of inertia through the
gearbox:
Bo dwg
Lo =(1N?+]) + Cwop
dt
dé,
Wy = ——
dt Moving to the Laplace domain:
J2
Lo(s) = (J1N?s* + ];5%)0,(s)
+ CsB,(s)
o (s) _ 0o (s) _ 1

Lo(s)  NL(s) (J;N2s2+ J,52) +Cs

And the transfer function is therefore:
G(s) 0o (s) N
S = =
L(s)  ((1N2+]2)s? +Cs)
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The transfer function of the forward loop is given by:

K,K,KsN

(J1N? + J5)s% + Cs)
And using the result for unity feedback to calculate the system transfer function:

r H(s) > _ H(s)
14+ H(s)

0o(s) _ K,K,KsN

6:(s)  ((JyN2 +J;)s? + Cs + K;K,K5N)
Putting in the numbers from the question:

0o(s) _ 0.05 X 200 x 0.5 x 10 x (180/1) B 2865
6;(s)  (30s2 +100s + 0.05 x 200 x 0.5 x 10 x (180/m)) ~ 30s2 + 100s + 2865

b) Calculate the system damping ratio y.

Using the table of Laplace transforms,

p w? B 2865
s2 + 2yws + w?)  30s2+ 100s + 2865

| 2865
w? =——
30
1y — 100
Y@ =730
w =9.77

5
=—=0.171
4 3w

c) Find the magnitude of the first overshoot which results from a step input 6; = 10°
Laplace transform of input function 6;(s) = %

Output is given by:

By (s) = %( 2865 )

30s% + 100s + 2865
From the table of inverse Laplace Transforms and using the result of part (b):

e Ywt
0,(t) = 10 (1 -

sin(wty/1 —y2 + cos‘ly)>
el

This function has a maximum where Cos(wt\/l—y2+cos"1y)=0 and sin(mtw/l—y2+

cos‘ly)<0, i.e. (wtm + COS_ly) - 37[/2

Using w =9.77 and y = 0.171:

_ (3n/2 — cos™'y)

t =0.34s

t

—ywt

6,(t) = 10 (1 _°

=sin (a)t 1—y2+ cos‘ly)> = 15.71°
1-vy
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And hence the overshoot is 5.7 degrees.

d) Find the steady state velocity error which results from the ramp input 6; =
0.1t radians (for t>0).
Solution:

This can be done analytically:

0.1
0i(s) = =
8, (s) = 0.1( 2865 )
088 ="2\30s2 + 1005 + 2865

2 e Yot
0,(t) = 0.1 <t — E)f — \/1__)/Zsin (a)t\/l —yZ+ cos'ly)>

By inspection, tlim(ei(t) 2 0), =°‘wﬁ= 0.0035 using the values calculated in parts (b)
and (c) as the final term tends to zero as t tends to infinity.

Alternatively, using the finite value theorem:
The error is given by:

E(s) = 6,(s) 9()_0.1 0.1( 2865 )_0.1 30s% 4 100s
S)= oS 088) =272 \3052 + 1005 + 2865/ 52 \30s2 + 100s + 2865
s-0 s \305%+100s+2865 2865

SHEET 5: STABILITY OF FEEDBACK SYSTEMS

. The characteristic equation of a feedback control system is

s3+(5+K)s?+7s+18+9K =0
a. Determine the maximum positive value of K, below which the system is stable.
To get started here, we begin by writing out the Routh Table. Remember the rules for

where to put the coefficients from the characteristic equation and how to calculate the
entries in the 3™ and lower rows:

s3 1 7
s? 5+K 18+9K
S 7(5+K)—(18+9K)_17—2K 0 0 0
54+ K 5+K
50 18+9K 0 0 0
From here, 222X will have a negative value for K > 8.5 and so the maximum positive

5+K
value for K is 8.5 — anything above this will make the system unstable. The system

will also be unstable for k<-2 but this was not asked for in the question.
b. Determine the frequency of oscillations at this value of K.

This part of the question is mathematically quite simple but does demand some
understanding of the concept of the Root locus:
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1.25 im(s)

1

-1.25

—@— Dominant overdamped —@=— Non-dominant overdamped -—@=—underdamped1l —@— underdamped 2

The figure above shows the root locus for a system with the characteristic equation

Q(s) =s?+2{s+1

Note that in this case the natural frequency w, is 1. At the limit of stability (K=8.5
from the previous part of the question), the root locus will cross the imaginary
(vertical) axis and the Real part of the root is zero. This will have a damping factor of
zero, making the familiar form of the oscillatory system (Q(s) = s? + 2{w,s + w?)
become:

Q(s) = s? + w?

A third order system with a negative real root and two complex roots at the limit of
stability will have a characteristic equation:

Q(s) = (s +a)(s? + w2) = s3 + as? + w2s + aw?
From the question:
s3+(5+K)s?+7s+18+9K =0
From Part (a), K=8.5
s34+ (13.5)s? + 75+ 945 =0
w2 =7
And so the frequency of oscillations will be 2.65 rad s

My tips to all students are to practise - it is highly unlikely that you will be given a
supplementary question like this on a 4™ or higher order system, but this kind of
question is a favourite in exams and textbooks, to test how well you understand the
concepts underlying control theory.

2. A unity feedback control system is shown in Figure Q2.
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R(s) t, () C(s

Figure Q2
Where r is a reference signal and c is the system response.

The forward loop transfer function is given by:

3(s+4)(s+8)
s(s +5)?
Determine the relative stability of the system.

G(s) =

. A closed loop feedback control system is shown in figure Q3.

R(s) T 6(s) C(s

H(s)

Figure Q3

Where r is a reference signal and c is a system response. The transfer functions for
the forward and feedback loops are given by:

G()_K(s+40) H(s) =
5= 5 + 10) )= 5¥20
Use the Routh-Hurwitz stability criterion to determine the values of K for which the

closed loop system will be stable.

To get started on this question, first work out the overall transfer function:

C(s) = (R(s) — H(s)C(s))G(s)

C(s) G(s) _ K(s+40) 1 _ K(s+40) (s+20)
R(s) 14 G(s)H(s) s(s+10) K(s + 40) ~ s(s+10) K(s + 40)
’ SR I SGF10G+20) o (s +20) + 0170y

C(s) K(s +40)(s + 20)
R(s) (s(s +10)(s+20) + K(s + 40)>

The characteristic equation is therefore:

Q(s) = s(s +10)(s + 20) + K(s + 40) = s + 3052 + (200 + K)s + 40K
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Note: For all of this, don’t worry about the numerator (the characteristic function) as
this does not determine stability.

The Routh array will be:

s° 1 200+K 0 0
s? 30 40K
s 6000 + 30K — 40K 600 — K 0
30K T 3K
s0 40K 0 0 0

So from the table, the system will be stable for 0<K<600

. The transfer function of a control system is as follows:
1

G(s) BRE +5s2+20s+6

a) Is the system stable?
b) Use the final value theorem to calculate the unit step response of the system.

Answers:

a) Yes (if you think about it, there would be no point asking part (b) if the system
was unstable ...)

b)%

Show your working!

*- from page 16: if one root is n + § and the other root is n, then

a 1 a a
- _ -nt _ ,—(n+8)t) | — -nt _ ,—(n+6)t) — -nt _ ,—68t,—nt
2 k<n+5—n(e ¢ )) ks ¢ ) =15 erve™)

Using the result that for a very small vale of §t, e =% = 1 — &t, this becomes:

t
v(O) = e (1 - (1= 60) = e

‘C/m"',/ C/m)2 =/ g —C/m—N/ C/m)2=*/m

an
2 2

Where [ and n are
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