MMME2046 Dynamics: Control Lecture 4

Position Control Systems
(case studies in 15t & 2"9 order systems)



Lecture Objectives:

e |Introduce the differences between 1st and 2nd
order systems

* Analyse steady-state responses under step and
ramp inputs

* Analyse transient behaviour through the roots of
the characteristic equations

MMME 2046 Dynamics and Control



Recap: Hydraulic Position Control System

draln f|UId N draln

spool valve
i cylinder Ioad

piston

with the block diagram

vO

— U —» 1/Ts
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Hydraulic Position Control System: Equations for the Model

Spool Valve

In the time domain

transfer function

Ram Piston

In the time domain

transfer function

Feedback Link

In the time domain

transfer function

q =Ky
Q(s) _ .
70 =K (1)
dx,
a1
Xo(s) _ 1 (2)
Q(s) As
B b a
Y = a+b i a+be
Y(s) = b X * x (3)
(S)_a—-l—b i(S)—m o(S)
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Hydraulic Position Control System: Overall Transfer Function

spool valve and piston

X + X,
—»| b/(a+b) K/As >

/ | al(a-+b)

From the block diagram

b K
Xo(s) = [Xi(s) a+b Xo(5) a i b] As
rearranging
A(a+ b)s b
1+ Ka Xo (S) — EXi(S)
Xo(s)
Xi(s) 1+Ts W

First order system with time constant T and gain u
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Hydraulic Position Control System: Control System Model

Xi /-1 Xo >
14+ Ts
Al(a+ b) _
T = time constant
Ka
b
U= a steady-state gain
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Hydraulic Position Control System under Standard Inputs

1) step Input
7. t<0 xi(t) =0
‘ t>0 x(t) = X,
X; (5)
From the table of L.T. Xi(s) = <
: : ﬂ)_(i
in s-domain X, (s) = (6)
The output in s-doma o (s) S(L+Ts)
- _t
In the time domain X, (t) = uX; (1 —e T) (7)
A xo
Xy = Ky o —— >

speed of rise steady-
depends upon T state error

v
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Hydraulic Position Control System under Standard Inputs

1) Ramp Input
t<o  x(t) =0
t=0  x;(t) =Vt
7
From the table of L.T. X.(s) = S_l
The output in s-domain X (s) = 1V
0 s2(1 + Ts)
In the time domain xo(t) = uVit — uV,T (1 e /1)

A xo

v
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Hydraulic Position Control System under Standard Inputs

1i1) Oscillatory
nput t<o x(t)=0
iy t>0 x;(t) = Asin(wt)
From the table of L.T. X (s) = 4@ (5)
ST (52 + w?)
. . Aw?
The output in s-domain — a (6)
P Xo(8) = T oD £ Ts)
_ pAw? 1-Ts T? _ pAw? 1 __Ts T?
XOUt(S) 1+ w?2T?2 ((52+w2) (1+Ts))  1+w?2T? ((52+w2) (s2+w?) u (1+Ts))

Steady state: w | | | |
gain and phase
angle (1st order lag) - | | | | | |

ML




Hydraulic Position Control System under Standard Inputs

1i1) Oscillatory
nput t<o x(t)=0
iy t>0 x;(t) = Asin(wt)
From the table of L.T. X (s) = 4@ (5)
ST (52 + w?)
. . Aw?
The output in s-domain — a (6)
P Xo(8) = T oD £ Ts)
_ pAw? 1-Ts T? _ pAw? 1 __Ts T?
XOUt(S) 1+ w?2T?2 ((52+w2) (1+Ts))  1+w?2T? ((52+w2) (s2+w?) u (1+Ts))

Steady state: w | | | |
gain and phase
angle (1st order lag) - | | | | | |

ML
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Recap: The Final Value Theorem

The final value theorem:

Xss = th—>r£10 xo(t) = }qlf)% sXo(s) (9)

Gives the steady-state response of a system.
Some provisos:
Steady state implies that we have a finite end value:

1.6
1.4
1.2

0.8
0.6
0.4
0.2

-0.2

0.5

Chart Title

1 1.5

—o—a(t) —e—b(t)

2 2.5 3 3.5

c(t) —@—d(t)
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Which of these can we use

the finite value theorem on?

a(t)?
b(t)?
c(t)?
d(t)?
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Hydraulic Position Control System: The Final Value Theorem

The final value theorem gives the steady-state response

Xgg = tlim X, (t) = lir% sX,(s) (9)
—00 S—
: uX; >

Xss =lims uX; (10)

s»0 s(1+Ts) B
The steady-state error from the final value theorem

E(s) = Xi(s) — X, (s)

A+Ts—wX_, W g - -k, (13)

—1;
©ss = 00° (14+Ts) s 550 (1+Ts)

Exercise: Show that if the error is defined as
€hew — UXj — X
the steady-state error is zero

eI’IEW_SS — O

MMME 2046 Dynamics and Control

12



Hydraulic Position Control System: Transient Response

T S characteristic equation
Set denominator =0
1
A A [ P(s)=s+==0
1 T 1
transient . with one real root s = —7
The roots of the C.E. in the s-plane govern stability and
transient behaviour
Im §
s-plane
Re
> >
1
S =—=
T
MMME 2046 Dynamics and Control
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Hydraulic Position Control System under Standard Inputs

1) ramp Input

t= 0 xi(t) =Vt

74
From the table of L.T. Xi(s) = ) (14)
The output in s-domain X, (s) = ad (15)
° s2(1+Ts)
t
In the time domain X, (t) = uVt — uvT (1 — e_T) (16)

xoi

uvte

t
uvt — uvVT (1 — e_T)

MMME 2046 Dynamics and Control
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imulink model

s B =il ) B

ferences ) (5 Community
s @ °

v B - - - - ~ |Path ~? Request Support
w Add-Ons Help —
ript allel v - v  [=] Learn MATLAB
| = untitled - |
2 § [onENT RESOURCES
8 ® untitled v r
£ e g
rrent § (@) Quickly insert blocks by double clicking in the diagram and typing part of the block name. More information b = o
| | 4. Scope - O X
w3
5 () File Tools View Simulation Help ¥
= Q- 0P ® =-a- Q- FA-

%

(A=)
>
= / 0.5s + 1
-
«
Ready 150% auto(odil

tails

Ready

Sample based |T=10.000
T

Select a file to view details
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Other types of Steady State Error

Ramp output: Velocity lag

1.8

1.6

1.4

1.2

1

0.8

0.6

0.4

0.2

Oscillating output: phase lag s

(not in scope!)

3.5

-1.5
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Hydraulic Position Control System: S.-S. Error under Ramp Input

After a “large” time interval (t > 4T) e t/T 50
Xss(t) = uV(t —=T)

Define the error as

E(s) = uXi(s) — X, (s)

) X;(s) = lims< ust

s—»0 \1+ TS) Xi(s)

ess = lims (,u —
s—0

1+ Ts

lims— Y _ yr
s _SII)%S(1+TS)SZ - H

non-zero finite steady-state error called “velocity lag”

MMME 2046 Dynamics and Control
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Example:

Electro-Mechanical Position Control System

viscous lead
damping Screw
mass
f
DC servo- R

motor /
servo-
amp

X (output)
position

transducer
input
voltage

It will be shown that the transfer functions may be written as

X(s) wy,
X:(s) s+ 2yw, s+ w?

l Vn " 2"d order system
X(s) -1

Fo(s) M(s% + 2ywy,s + w?)

https://www.youtube.com/watch?v=Sn8DqDGwazs

MMME 2046 Dynamics and Control
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E.-M. Position Control System: Equations for the Model

I) Position Transducer output V. = K,x K, is constant

error voltage V=V,-V. =V, —K,x

i) Servo-Amplifier develops current (K, is another constant)
ir = KiVe = K (Vi — Kyx)

i) DC Servo-Motor develops torque (K, is motor constant)
lm = Kyiy = K3 K4 (Vi — Kyx)

IvV) At Lead Screw the torque is converted into a force on the load mass
fn = Ksl, = KK, K (V; — Kyx) Ks = 21/ (pitch of leadscrew)
Laplace domain  E,(s) = K;K,K5(V;(s) — K, X(s)) (1)
v) For the Load Mass assuming viscous damping
Mx+Cx =f,, —[r
En(s) — Fr(s) (2)
Ms? 4+ Cs

Laplace domain  X(s) =

MMME 2046 Dynamics and Control 19



E.-M. Position Control System: Block Diagrams
Using Egs. (1) and (2)

Voltage error, Vi-V, £, IR Fpty
(corresponds to position) \/
Vi + x -I;é_ 1 X
K K, K.
1772773 > Ms? + Cs
K,

Focusing on actual position error
Position error, /Yi-X V-V

T A

—> 1/ K O K [ KKk P W57+ cs
with K= K K, KK,
X(s) = ([Xi(s) = X(s)]K — Fr(s)) Ms2 +Cs
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E-.M. Position Control System: Overall Transfer Function

Rearranging [Ms? + Cs + K|X(s) = KX;(s) — Fr(s) (3)
Preferred form
[s2 4+ 2yw, s + wZ]X(s) = wiX;(s) — FP;\EIS)
with ¢ 2yw, and 2= il
M M
X(s) = w2X;(s) Fr(s)

S2 + 2yw,s + w2 M(s2 + 2yw,s + w?)
Transfer function

X(s) w5
Xi(s)  s?242yw,s + w? (4)
X w3 X

—> >

S2 + 2yw,s + w?

MMME 2046 Dynamics and Control
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E.-M. Position Control System under Standard Inputs

1) step Input
7 t<0 Vi(t) =0
! t=>0 Vi(t) =V,
i X
From the table of L.T. Xi(s) = = (5)
K,s s

The output in s-domain
wa X; wa X;

> -~ = (6)
S(S +2)/(1)nS+(1)n) S(S _Pl)(S_Pz)

XO(S) =

with the roots of the characteristic equation

S2+ 2yw,s + wZ =0

pP1=—Ywn + wpyy? —1 P2 = —Ywn — wpyy? —1

MMME 2046 Dynamics and Control
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E.-M. Position Control System under Step Input

Assuming a unit step input and using partial fractions

B A, A,
X,(s) ==+ +
0(8) =3 S—p1 S—D:

where (for y # 1)

1 14 1 14
Y2 o217 T 2 2y

With the inverse Laplace transform, in the time domain

Xo(t) = B + A;eP1t + A,eP2!

This solution, valid for y # 1, gives rise to two distinct
types of transient response.

MMME 2046 Dynamics and Control

(7)
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E.-M. Position Control System under Step Input

Dy>1 p, and p, are real and unequal. For this situation the
response is overdamped (non-oscillatory).

iy y<1 p, and p, are complex conjugate (as A; and A, )

pP1 = —Ywy +iwyy1 —y?
P2 z_y(‘)n_iwn\/l_yz

_ e~ Y®nt

x,(t) = X; |1 — sin(wpty/1 —y?%2 + ¢)
-7

[
Maximum overshoot at t =
Wy 1 —y?
_ym
with magnitude Xax = _i (1 + e\/1—y2)

MMME 2046 Dynamics and Control
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Simulink Model: y>1

. > — L —> ]

S+3s+1 >

File Tools View Simulation Help

Q- BOP® =-AQA-E-F&-
—>|2 P2

Sample based | T=20.000

teady
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Simulink Model: y<1

: >
S+025+1 >
4. Scope - O X
File Tools View Simulation Help N

,l> @- 0P ® =-Q-C-F4-

Ready Sample based |Offset=0 T=20.000
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Simulink Model: y=1

What is the transfer function in this case?

File Tools View Simulation Help >

Q- 0P ® =-Q-(C-F4-

Ready Sample based T=20.000
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E.-M. Position Control System under Step Input

) y=1 p, and p, are real and equal (= - w,) and the response is
Is said to be critically damped.

Xo (t) = Xi[l -1+ wnt)e_wnt]

The transient responses under a step input for all
three cases can be summarised

X, (1)

MMME 2046 Dynamics and Control



E.-M. Position Control System: Transient Response

The roots of the C.E. in the s-plane govern stability and
transient behaviour

pP1 = —Yw, + wpy: —1 P2 = —ywn — wp/yc — 1

Im s-plane
increasing y follows the
direction of the arrows. p(y =0)
Re
pi(r>1)
p,=p, (fory =1) p,(y =0)

The roots trace out loci in the s-plane.
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Visualisation of root locus

desmos
b = 0.968245836552
_ (-0 0.968) e - — o S R—
® o--
a=-025 2 0 2 4 6 8 10 12 14 16

° (a.b)
v/ Label

2

4

- 6
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E.-M. Position Control System under Standard Inputs

1) ramp Input

0Ot t<0 Vi(t) =0
t>0 Vi(t) = 0t

From the table of L.T. Vi(s) = ng
and from the b.d. Xi(s) = V;S) = 52{4 = S:; (8)
wz )
The output in s-domain X, (s) = T Z;a)zs Tl (9)
In the time domain
X, (t) = Q, (t — f)—); + A eP1t + Azepzt) (10)
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4.5

3.5

2.5

1.5

0.5

0.5

Output x,(t)

1.5 2 2.5 3
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0.07

0.06

0.05

0.04

0.03

0.02

0.01

0.5

e(t) for y<1
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E.-M. Position Control System: S.-S. Error under Ramp Input

From the block diagram, for F = 0 (no disturbance)

Ms? 4+ Cs
Ms? + Cs +

E(s) = Xi(5) = X (5) = ZXi(s) (D

For a ramp input X(s) from Eq. (8)

E(s) = Ms?*+Cs Q,  Ms+C Q, .
T Ms2+Cs+K s2 Ms2+Cs+K s (12)
Using the final value theorem the steady-state error
Ms + C
= l = 1 E = l Q
im e(t) = im s (s) = lim m_
C 2y
— _Q. =0 (13)
K™% w, *
MMME 2046 Dynamics and Control
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What Next?

e Improving transient and steady-state
performance: velocity feedback & PID control

 stablility of feedback systems
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