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1 PARTIAL DIFFERENTIAL EQUATIONS

1 Partial Differential Equations

A Partial Differential Equation (PDE) is an equation that contains one or more partial derivatives of
an unknown function that depends on at least two variables, as opposed to an Ordinary Differential
Equation (ODE) where the unknown function depends on one variable only. The order of the highest
derivative is the order of the PDE. We say that the PDE is linear if it is of the first degree in
the unknown function and its partial derivatives, otherwise we call it nonlinear. Most of the PDE
encountered in engineering are linear, second-order equations. For two independent variables, such
equations can be expressed in the following general form:

0%¢
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where A, B, and C are functions of z and y and D is a function of x, y, ¢, d¢/0x and d¢/dy. Note
that = and y can identify both space and time. Depending on the discriminant B? — 4AC, the PDE

can be classified into one of three categories:

e B2 —4AC < 0 — Elliptic, for example the Laplace equation:

02  0%¢
97t 57 = 0, (2)

which governs steady-state diffusion problems such as, for example, heat conduction, in two (or

more) dimensions.

e B2 —4AC =0 — Parabolic, for example the one-dimensional heat equation:

oo 82¢
ot = 04@, (3)

which governs unsteady one-dimensional heat conduction problems; « is assumed to be constant.

e B2 —4AC > 0 — Hyperbolic, for example the one-dimensional wave equation:
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which governs the motion of a vibrating string.

The classification above is useful because each category relates to specific and distinct engineering
problem contexts that demand special solution techniques. In this module, we will only work with
elliptic equations, which are distinctive of steady-state diffusion problems in two or more dimensions
(1D steady-state problems are simply governed by an ODE, not a PDE), and parabolic equations,

which are distinctive of unsteady diffusion problems in one or more dimensions.

This lecture focuses on steady-state diffusion problems, which are introduced in Sec. 2] The princi-
ples behind the steps for obtaining a numerical solution are discussed in Sec. [3] In Sec.[d], we focus on
the discretisation of the steady 1D heat equation (an ODE) using the finite-volume method, followed
by a brief introduction to 2D and 3D cases (thus, PDEs) in Sec. [ [f] and [7] Section [§] will present

basic principles concerning with the solution of the linear system deriving from the discretisation of
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the equation which, later on, will be subject of a dedicated lecture (and notes). Finally, in Sec. |§|
we provide some indicators to judge the accuracy of the numerical solution, and we conclude with a

tutorial of the implementation of a numerical method in Matlab in Sec. [I0}

Further reading on PDEs: Chapra and Canale [2], Part 8.

2 Diffusion problems in engineering

Diffusion problems identify physical phenomena where particles, energy, or other physical quantities
are transferred inside a physical system due to diffusion only, i.e. when the bulk velocity in the direction
of transmission is zero. The generic diffusion equation in steady-state conditions (independent of time),

in a one-dimensional geometry, is an ODE and takes the following form:

d (.do B
[ m(rda;>+s(x’¢)_0’ 0<z<L, (5)

where x is the coordinate direction along which the equation is solved and independent variable
of the problem, ¢ is the variable being transported and dependent variable of the problem, I' is a
diffusion constant, L is the extension of the domain along x, and S(z, ¢) represents a generic source
term, that can be a generic function of x and ¢. Note that the diffusion constant may be a function
of the spatial variable (e.g. in a non-uniform medium), this is the reason why I is not taken off the
external derivative. The first term at the left-hand side of Eq. describes diffusion. Imagine, for
instance, that ¢ is the concentration of a chemical. When concentration is low somewhere compared
to the surrounding areas, the substance will diffuse in from the surroundings, so the concentration
will increase. Conversely, if concentration is high compared to the surroundings, then the substance
will diffuse out and the concentration will decrease (source: Wikipedia)). The second term in Eq.
describes the creation or destruction of the quantity. For example, if ¢ is the concentration of a
molecule, then S describes how the molecule can be created or destroyed by chemical reactions. S
may be a function of ¢ and of other parameters.

Equation needs boundary conditions at x = 0 and x = L in order to be solved, for example
Dirichlet:

¢(x =0) =a, (6)
or Neumann boundary conditions:

d¢

dx (.CC = O) =0, (7)

where a and b are two generic constants identifying the value of the function, or its gradient, at the

boundary z = 0.

There are many engineering problems governed by diffusion equations, see the schematic in Fig. [2]
for example heat conduction through a solid, the cross-stream diffusion of shear stress within a bound-

ary layer, or the diffusion of a chemical species. In the case of heat conduction, the diffusion equation


https://en.wikipedia.org/wiki/Convection%E2%80%93diffusion_equation
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is usually written as:

d dr
o <)\dx> + S(x,T) =0, O<z<L, (8)

where 7' is the temperature in the solid and A the thermal conductivity of the solid. S(x,T") may be
any energy source term within the solid, for example the heat generated by Joule effect due to electric
current across a wire. In the case of the diffusion of shear stress within a fluid in motion, we can recall

the Navier-Stokes equation for a laminar flow in a pipe, far from the entrance region, here written as

T(x=0)=T, T(x=L)=T,>T,

o Nat

Homer's pizza: Source term S
c(x=0)=0 ) c(x=L)=0

& 4
&\ V=)

x|=0 x|=L

Figure 1: Sketch of traditional engineering problems governed by diffusion. (a) Diffusion of heat (q)

across a wall due to temperature gradients. (b) Cross-stream diffusion of shear stress from the wall
of a pipe, where the no-slip condition (u = 0) applies, through the fluid flowing in it; the streamwise
pressure gradient dp/dy is due to the viscous shear stress in the fluid and acts a momentum source.
(c) Diffusion of a chemical species ¢ through the atmosphere, where Homer’s pizza is the source, and

the boundary conditions ¢ = 0 at x = 0 and x = L are purely arbitrary.
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the streamwise component (here along y) of the momentum equation:

d du dp
—(p=—=)=-==0 0 L 9
dx(udx> ay = <zr<lL, (9)

where x indicates the cross-stream direction, y the streamwise direction, u is the streamwise component
of the velocity, p is the dynamic viscosity of the fluid and dp/dy is the streamwise pressure gradient,
with dp/dy < 0 (pressure always decreases along the channel), which acts as a momentum source;
note that the fluid velocity component in the cross-stream direction = is zero (the streamlines are
horizontal), and therefore the cross-stream transport of shear is still a diffusion problem. If you are
not familiar with the Navier-Stokes equations in fluid mechanics, refer to the notes available at this link:

MMME2047-Navier-Stokes. Likewise, the diffusion of a chemical species across a still environment, in

1D, is governed by the equation:

d de
I (Dd:c> + S(z,¢) =0, 0<z<L, (10)

where c is the species concentration, D a species-diffusion constant, and S(x,c) represents a generic
source term for the species ¢, as example a chemical reaction. As you can see, all the equations above
take the same form as Eq. , and therefore any solution method, be it analytical or numerical, applies

to any of the three distinct problems.

Further reading: Chapra and Canale 2], Ch. 29; Burden and Douglas Faires [1], Ch. 12.

3 The discretisation concept

Let’s now consider, without any loss of generality, the steady one-dimesional heat conduction equation
that describes the transport of heat between two boundaries x = 0 and z = L, subject to two arbitrary

Dirichlet boundary conditions:

d dTr
T <>\da:> + S(z, T) = 0, 0<z<lL, (11a)
Tx=0) = T, T(x=L)="T,. (11b)
: o :
17 2 -171 ) i+1 n-1 ,n

Figure 2: Sketch of the computational nodes (circles) used to discretise the one-dimensional domain
across which the heat conduction equation is solved. The domain can be, for example, the grey wall

separating the room with the fireplace from the outside in Fig. (a).
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The situation is sketched in Fig. [2 An analytical method seeks for the continuous function 7'(x)
satisfying the differential problem for any location z within [0, L]. A numerical method seeks for
an approximate solution 77, ..., T}, valid only at the discrete locations 1, ..., z,, which represent our
discretisation grid, or mesh. Therefore, we have n unknowns (77, ..., T;,) and to close the problem we
need n equations. These n equations are derived from the differential equation Eq. by means
of appropriate discretisation methods (that we will see), and each ¢ — th equation describes how the
temperature of the ¢ — th node depends on the discrete temperature values at the neighbours nodes.
To differentiate it from the continuous equation Eq. , the i — th node equation is called discretisa-
tion equation, because it involves the unknown values of T" at chosen discrete grid points. In general,
we prefer to solve systems of algebraic (i.e. polynomial) linear (where the unknowns appear with

exponent one) equations of the kind:

a1 1Ty +a12To + ... + a1, T, = by

anlel + anQTg + ...+ an’nTn =by

where the coefficients a;; and b; are constant. In compact notation, this means to solve the matricial
problem A x T = B, where A is the n x n matrix of the coefficients, T is the n x 1 vector of unknowns
and B is the n x 1 vector of known terms. This latter task, which is the most time-consuming aspect

of the calculation, will be accomplished by a linear solver.

The specific discretisation method adopted, for example finite-difference, finite-volume or finite-
element, identifies:

e How to derive the discretization equation from the initial differential equation;

e How to express derivatives as a function of the node values T, ..., Ty;

e How to deal with nonlinear terms.

However, the end point of the discretisation procedure, independently of the specific method chosen,
is always to retrieve a system of linear algebraic equation as shown above. In this module, we will

focus on the finite-volume method.

Further reading: Patankar [3], Ch. 3.

4 The finite-volume method — 1D

We aim to obtain the discretisation equation of the differential equation Eq. , for a generic node
of the domain, using the finite-volume method. With the finite-volume (FV) method, we decompose
the domain in n nonoverlapping control volumes (CV), see sketch in Fig. with each CV being
centered on the i — th node. The discretisation equation is obtained by integrating the differential
equation over each control volume. Each equation must be manipulated so that the only unknowns

are the values of the temperature at the CV centres. The final system of equations is then obtained
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by assembling the n equations together. We will now see how this procedure is developed, starting
with a generic CV internal to the domain, that is, not a boundary CV.

We begin with integrating Eq. over a CV centred on a generic internal node:

/V % (Ai)dv + /V S(z, T)dV =0, (12)

where V' is the volume of the CV. We assume that the cross-section of the CV is uniform throughout
the domain, its area denoted as A. Replacing dV with dV = Adz:

¢ d dT €

w

where w and e denote the x-location of the west and east faces of the CV, see Fig. The integrand
of the first integral can then be simplified as follows:

/ed<)\g>A + / Sz, T)Adz = 0. (14)

w w

Now, A is constant and cancels out. The integral of a function differential (first term) is the function
itself, to be evaluated at the integration boundaries. The second integral can be simplified by taking
a spatial-average value of the source term within the control volume, denoted as S. Therefore, we
obtain:
arilc
A— S[z]s, =0, 15
[ dx] +Slel, (15)

w

which leads to:

drl dr -
ol IR (el Az = 0. 1
(Ad.%)e (Adx>w—|—5 =0 (16)

where Ax = x, — x,, is the distance between the east and west faces, and it coincides with the CV
width. Note that A\(dT/dzx). (and A(dT'/dz),) represents the heat flux, via Fourier’s law of heat
conduction, that is crossing the east boundary of the control volume. Therefore, Eq. expresses

——— - :
. I A.‘I,‘ | |:|_, (8 ) s (6x), dx) v>|
I ! L il ! ! ! ! L >} T 1 1
I ' | L " 1 1 1 1 | l > O + O o
] [ IIl :| 1 ] | 1 [ ", |
] ' ! I'_ —_t 1 ] | 1 ] X W | P : E
CcV w e

(a) (b)

Figure 3: (a) Finite-volume decomposition of a 1D domain, where Az is the width of a generic control
volume (CV). (b) Close-up look of a generic CV and notation used in this document: circles refer
to control volume centroids, denoted as P (central node), E (east neighbour), W (west neighbour);
vertical dashed lines refer to the CV faces, with e and w denoting the locations of the east and west
faces of the CV centred in P; dx identifies the distance between the CV centres, whereas Ax = T, — Xy

is the distance between the east and west faces, which coincides with the CV width.
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the integral conservation of energy for the control volume at steady-state: the algebraic sum of the
in/outgoing fluxes must be balanced by the generation/dissipation of heat (SAz) within the control
volume. If there is no source term, the sum of the in/outgoing fluxes must be zero. As such, the
finite-volume discretisation always satisfies the conservation of the quantity being transported even
for very coarse grids, unlike other methods.

Now, how do we discretise the derivative d/dz appearing in Eq. , which must be calculated at
the CV faces? Like we said before, we want a discretisation equation where the only unknowns are the
temperature values at the control volumes centres, and thus we want to express d1'/dx as a function
of CV-centre temperatures. In order to do this, we must make an assumption about the behavior of

T'(x) between the CV centres.

4.1 Approximation of derivatives

Let’s write the Taylor expansion of the function 7'(z) around a generic location z;:

(v — ;)2 d*>T (v — )% d®T
2 dz? 6 dz?

Ta) = T(wi) + 2~ 2)

+ higher-order, (17)

where the higher-order terms are the x*, 2°, ... terms. We can use the expression above to write the
expansion around the location x., now for convenience truncated at the second-order term, and use
it to express T'(xp):

dT (6z)2_ d>T
dz |, 2 dx?

(6z)2_ d*T
6 dx3

T(xp) =T(xe) — 6Tc— , (18)

Te

Te
where zp identifies the CV centre and x. the location of the east face, see Figs. and [4; note that
0Te— = x,—xp is the distance between the CV centre and its east face. The last term at the right-hand
side is in red because it is third-order and is not actually present in the second-order expansion, but
we retain it for now because it quantifies the truncation error, i.e. the error that we are committing
by truncating an infinite sum (the Taylor expansion) and approximating it by a finite sum (e.g. the
Taylor expansion truncated at the second-order term). We can use the same truncated expansion

around x. to express T (xpg):

dr

6x)2, d°T
T(eg) = Tlae) + oren |+ 2 T

2 dx?

(537)2+ dsl
6 dad|,’

(19)

. )
where now dz.. = g — x, is the distance between the CV centre of the east neighbour and the east
face of the CV centred in P. Again, the red term is not actually present in the second-order expansion,
for now we leave it there just to remind us of the error committed when truncating the expansion to
second-order.

Since we are looking for a discretised expression of d1'/dx, we can subtract Eq. from Eq. .
Upon the simplification that (dz)er = (dz)e—, i.e. the CV faces are located half-way between the

centroids, we obtain:

g . T(.I'E) — T(.xp) - (5?“)2 dST (20)
da |, — (0x)e 24 dx3 |’

where the second-order derivatives cancel out because of opposite signs, and the red term at the right-

hand side is not actually present in the discretisation of the derivative but we keep it as a reminder
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of the truncation error. Note that (0x), = zg — xp = (0x)e— + (0x)c+ denotes the distance between
the P and E control volume centres, see notation in Fig. Equation indicates that, using a
Taylor expansion for T'(x) truncated at the second-order, we obtain an expression for d7'/dx where
the truncation error is proportional to (dz)2. This means that, if we halve the node spacing, the

error reduces by about 22 = 4 times (further reading: Chapra and Canale [2], Ch. 4). In compact

(62)2 d3T
24 dz3

form, the truncation error — is expressed using the Big-O notation (see Big-O notation in

Wikipedia) as O [(62)2T/"], which sigziﬁes that the truncation error is proportional to (6x)?2, and to
T with T = (d3T/dz?),,, that is, the error is proportional also to the third-order derivative of the
solution; this means that if the exact solution of the problem is linear or quadratic, such that 7" = 0,
then the approximation of the derivative is exact and the truncation error is zero. The exponent of
(6x) in the truncation error defines the order of accuracy of the discretisation of the derivative, i.e.
Eq. discretises the first-order derivative with a second-order accurate scheme: the accuracy of
the discretisation of the derivative becomes 4 times better if we halve the distance between the nodes.
The profile assumption for T'(z) between the cell centroids deriving from this approximation is a linear
profile, i.e. the derivative at x. is calculated by assuming a linear variation of T" between xp and x g,
as sketched in Fig. |4, This discretisation scheme for the first-order derivative is often referred to as
central-difference. Higher-order profiles exist, for example we can assume a quadratic variation of T
between zp and xg by retaining third-order terms in the Taylor expansion; the discretisation would
be more accurate (e.g. third-order, with truncation error O [(6z)3]), but more grid nodes would be
involved in the calculation of the derivative, which is often undesired. In the CFD practice, the linear

profile assumption sketched in Fig. [4] is often preferred when solving engineering problems.

4.2 Linearisation of source terms

Within Eq. , the term S may be a complex function of the dependent variable 7. Since our
objective is to eventually derive a system of algebraic equations which are linear in 7', the only kind of

dependency that we can handle is a linear dependency, which enables us to express the average value

T

A

-
¥ o

W P E X

Figure 4: Piecewise-linear profile of temperature between CV centres.

10
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S =Sc+ SpT(zp), (21)

where S and Sp are independent of T, although they may be dependent on x (this does not pose
any extra difficulty). If the physical phenomenon that we want to model has a non-linear source term,
then we must derive a suitable linearised expression for it, e.g. by a Taylor expansion. The specific
strategies for linearisation of source terms are out of the scope of this module (further reading on
this: Patankar [3], Sec. 4.2.5), here we will only handle linear source terms where S and Sp are
known. For completeness, we conclude by saying that Sc represents the explicit part of the source
term because it does not depend on the temperature, whereas SpT (xp) is the implicit part, owing to

the dependence on temperature.

4.3 Final discretisation equation

Going back to Eq. , now we know how to express the derivatives in e and w:

dT\ | T —Tp dar\ | Tp—Tw
(M) AT (M) (22)

e
where A\, and A\, denote the thermal conductivities evaluated at z. and x,,, respectively, and we have
lightened the notation so that, for example Tp = T'(xp). Combining this with the expression for the

linearised source term written in Eq. , Eq. can be rewritten as:

T —T Tp —T;
E_ P oY 1 (Sc+ SpTp) Az =0, (23)

0%e 0Xw

Ae

and, rearranging:

A’UJ Aw )\e )\e
——T — — SpAx | Tp — Tp = ScAx. 24
0T w <5xw + 0%e Sp m) P 0% B = SoAr (24)

This equation can be written in the compact form:

s a

awTw + apTp +agTE = b, (25)

with the constant coefficients:

A’UJ )\w )\e >\e
aw =——, ap=—+ — SpAxz, ap = —5

Sy’ 0Ty  OZe
Equation ([25) is our final discretisation equation for an internal control volume, i.e. it is valid for

b= ScAz. (26)

nodes i = 2,3, ...,n—1. As intuition suggests, the temperature at the CV-centre P only depends on the
temperature values at the two neighbour CV-centres W and E. Below, we will derive the discretisation

equations for the boundary nodes.

4.4 Boundary conditions

Now, we want to derive the discretisation equations for the two boundary control volumes. As antici-
pated before, there is a vast range of boundary conditions that can apply to the system’s boundaries,

with the most common being Dirichlet (fixed value), Neumann (fixed gradient) and Robin boundary

11
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condition (mix of the two). Here, we will see how to derive the discretisation equation for the first
two cases. If you want to know more: Patankar [3], Sec. 4.2.6.

Remember that we want to write discretisation equations which involve unknowns evaluated at
the control volume centres. In the following, we consider that the boundary control volume centre
(1t = 1,n) coincides with the boundary itself, see Fig. [2| or This simplifies the imposition of a
Dirichlet boundary condition: it will be sufficient to set the temperature at the centre of the boundary
control volume equal to the known boundary temperature. An alternative is to offset the centre of the
boundary control volume, such that it is the CV face to coincide with the domain boundary, whereas its
centre is internal to the domain. This complicates the imposition of the Dirichlet boundary condition,
because we will have to transfer the boundary information from the boundary to the CV centre, but
simplifies the imposition of a Neumann boundary condition, because gradients are naturally defined
on CV faces (remember Eq. (22))). Both options are straightforward, here we decide to follow the first
approach.

4.4.1 Dirichlet boundary conditions

As indicated in Fig. [5] the boundary control volume centre coincides with the physical boundary of
the domain, and therefore we simply have Tp = T,, with T, being the boundary value and Tz the
temperature evaluated at the boundary node, which can be interpreted as the discretisation equation
for the first control volume on the left of the domain. Since these equations will be eventually solved
by means of an algorithm that we have to implement, it is always good to derive a sort of unified
manner to write them, be it a boundary or an internal control volume. Therefore, a convenient way
to write the discretisation equation for a boundary control volume subject to a Dirichlet boundary

condition is, for the first (leftmost) control volume:

CV1) aplp + agTg = b, with ap=1,ag =0,b="1T,, (27)

which essentially means Tp = T,, note that ay, does not appear because there is no west neighbour.

For the last (rightmost) control volume:

A
[ e,
| )
i)-' il | I I
b———o—--- o——20 ' &
B Axg | I w | P : E
= W e

Figure 5: Illustration of the mesh near the left boundary. The boundary control volume C'Vp extends
from the boundary node B, which is also taken as the centre of C'Vp, to the internal face i. The
extension of C'Vp is denoted as Axzp. ¢gp denotes the heat flux imposed at the wall in the case of

Neumann boundary condition.

12
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CVn) awTw + apTp = b, with ap =1, aw =0, b =T, (28)

where T} is the temperature imposed at the x = L boundary. Therefore, the two equations above
can be simply merged with those for the internal nodes, Egs. and , to build the final linear

system, as we will see later.

4.4.2 Neumann boundary conditions

In heat transfer, but many other fields as well, we may have a boundary condition where the tem-
perature gradient is known, and not the temperature itself. Think, for example, of the external wall
of a house, subject to solar radiation; the solar radiation generates a heat flux that is known and is
on the order of 1000 W/m?. We may want to impose this boundary condition to study heat conduc-
tion through the wall that is hit by the solar radiation on one side, and is maintained at a constant
temperature on the other side, where for example a thermostat keeps the room at a set temperature.
How do we convert the information about the heat flux into an information about the temperature
gradient at the wall? Very simple, we use the Fourier’s law of heat conduction, in 1D:

drl

A (29)

q:

In order to derive a discretisation equation for the boundary control volume subject to a constant
heat flux (Neumann) condition, let’s restart from Eq. (12]), now written for a control volume centred

at the boundary node B, bounded by B at west and by the internal face i at east (see Fig. [5]):

“d (.dT :
— | A—)Ad T)Adz = 0.
/de< da:> $+/BS(I, JAdz =0 (30)
Following the same procedure as before:
drT drl -

Now, the first term can be expressed as a function of values of the temperature calculated at CV-
centres as indicated in Eq. ; the second term, representing the heat flux at B, coincides with the
known boundary condition ¢p, so that we obtain:

Ty —Tp

Ni—5— +aB +(Sc + 5pTs) Azp =0, (32)
K3

where T7 is the temperature at the centre of the leftmost internal control volume (see Fig. [5)), 75 is the
temperature at the left boundary control volume which now is unknown (unlike the case of Dirichlet
boundary condition), and ¢p is the known heat flux imposed at the boundary. For convenience, we can
rearrange the equation above to make it look the same as those for Dirichlet conditions (the differences

are hidden in the coefficients):

€ €

— SpAzpg, ag = — , b= ScAzp + g, (33)

Te Te

apTp +agTy =0, with ap =

where the west neighbour is absent and the known heat flux ¢p enters the known term vector
on the right-hand side of the equation. You have to be careful with Axzp because, if the grid is

made of equidistant nodes, the width of the boundary control volume is half that of the internal

13
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node, so that Azp = Ax/2, with Az denoting the width of internal control volumes. You can easily
rework the procedure in the case that the constant heat flux is applied to the right boundary, paying
attention to the signs. However, note that you cannot have Neumann-Neumann conditions (Neumann
on both boundaries), because the value of the temperature must be set at least on one boundary to

allow solution of the mathematical problem. For all the remaining internal nodes, the discretisation

equations are still Egs. and .

4.5 Assembling the linear system of equations

Now that we have seen how to derive discretisation equations for all the boundary and internal CVs,
and we have seen that we can always express these in the general form awTw + apTp + agTr = b,
regardless of the control volume location or specific boundary condition set, we can readily assemble

our system of n linear algebraic equations. Let’s help ourselves with a more handy notation:

CVi) aipTip+argTi g =0 = a1+ a1 21> =b
CVi) aiwTliw+aiplip+aigTip =0 = aii1Ti-1+ a;;Ti + aiir1Tiv1 = b;

Cvn) an,WTn,W + an,PTn,P =b, = CLn,n—l,-z_'n—l + an,nTn = by

where, for example, a; g refers to the east coefficient (ag) of the discretisation equation for the first
control volume and 7' g is the unknown temperature of the east neighbour to the first control volume;
with this notation, you can imagine that 77 g coincides with 15 p, i.e. the east neighbour temperature
for control volume 1 is the central control volume temperature when discretising the equation for
control volume 2. In the rightmost set of equations above, the subscripts W, P, E are replaced, respec-
tively, by the subscripts ¢ — 1, ¢ and ¢ + 1, by considering that the control volumes will be numbered
in ascending order from left to right. This notation is more suitable for coding the algorithm that will

fill the coefficient matrix.

The system of linear equations written above, using the notation adopted in the rightmost set of

equations above, can be expressed in matricial form as follows:

ayy app 0 0 0 0 0 0 0 0 T by
a1 a2 dad23 0 0 0 0 0 0 0 l_: FJ_I
0 azs ass 3.4 0 0 0 0 0 0 I5 by

0 - 0 0 0 0 0 @poyg Gnona Guony 0 Lo by _o
o -0 0 0 0 0 0 p-1n-2 Gp-1n-1 QAu-1n T by
0 - 0 0 0 0 0 0 0 Unnet  flnn T b,

and the task of the computer is to solve this linear system of equations in order to find the values of
the n unknowns T; at the n discrete locations composing the computational domain. Recall that the

matricial problem can be written in compact form as

AxT=B (34)
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5 THE FINITE-VOLUME METHOD — 2D, STRUCTURED MESH

where A is the n X n matrix of the coefficients, T is the n x 1 vector of unknowns and B is the
n x 1 vector of known terms. You can note that A has a rather regular appearance: the generic
a;j element, where i (index of rows) identifies the CV which the equation refers to, and j (index of
columns) identifies the contribution of the j — th CV to i, is a;; # 0 if j is a neighbour of ¢, and
a;; = 0 if j is not a neighbour of i; the elements along the diagonal, a;;, must always be nonzero.
Therefore, in a 1D configuration, where each CV has only two neighbours which contribute to its
energy balance (via the heat fluxes at the CV faces), A is a tridiagonal matrix, where only 3 diagonals
have nonzero elements, while all the remaining coefficients of the matrix are zero. Intuitively, if we were
using a higher-order scheme (e.g. quadratic) to discretise the temperature gradients (recall Sec. ,
requiring more points to calculate derivatives, then the discretisation equation would have involved
more neighbours, e.g. west-west and east-east neighbours, and thus A would have had more nonzero
elements, e.g. becoming pentadiagonal (5 nonzero diagonals).

We will present some methods to solve matricial problems in the next lectures. Without going
into details, it is for now important to know that, for the stability of the numerical schemes involved

in the solution:
e The diagonal coefficients (a;;) are positive,
e The off-diagonal coefficients (a;;—1, a;+1) are negative.

Take a look at the expressions for the coefficients in Eq. . Since the thermal conductivity A and
grid spacing dx are always positive, the off-diagonal coefficients ayw,ap < 0 in agreement with the
second condition above. The diagonal coefficient ap is positive if Sp < 0, but it can become negative
if Sp > 0. In this latter case, that we will not treat in this module, the entire source term is treated
explicitly and the matricial system must be solved iteratively (further reading: Patankar [3], Sec.
4.2.5).

1D finite-volume method — Further reading: Patankar [3], Ch. 4.2.

5 The finite-volume method — 2D, structured mesh

We extend now the derivation of the discretisation equation to the steady-state heat equation in the
2D case. This is shown here for completeness, but you are not required to know this for the
assessment, so it is only for your information. The steady-state heat conduction equation in 2D is
now a PDE:

0 oT 0 oT

where now the ordinary derivative symbol d has been replaced by the partial derivative symbol
0; note that Eq. is an elliptic PDE and is often referred to as Poisson equation, which differs

from the Laplace equation (Eq. ) only for the presence of the source term. For simplicity, we
will consider the discretisation of the equation above over a simple, square/rectangular domain, see

Fig. |§|, which can be decomposed into well-ordered square/rectangular control volumes. This way, the
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5 THE FINITE-VOLUME METHOD — 2D, STRUCTURED MESH
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Figure 6: (a) An example of a 2D structured mesh. (b) Control volume configuration for 2D structured
case. (c¢) Example of indexing of the control volumes in the mesh, where n, is the number of elements
along z and n = ny X ny (n,: the number of elements along y) is the total number of elements of the
domain (called N in the figure). (d) Architecture of the matrix of the coefficients for a 2D structured

mesh case.

control volumes can be easily indexed in ascending order following, for example, a west-to-east and
north-to-south approach as depicted in Fig. The advantage of this indexing strategy is that each
CV knows exactly who its east, west, north and south neighbours are based on its own index (as we
will see below), and there is no need to store the mesh connectivity, i.e. the information about who
the neighbours of each cell are. This kind of computational mesh, whose architecture is such that
there is no need to store the CV connectivity, is called structured mesh. Another great advantage of
structured meshes is on the resulting layout of the coefficient matrix, as will see below.

So, without going into the details (but you can try to work it out yourself), the finite-volume
discretisation of Eq. on a structured mesh can be done using a 4-neighbour stencil (north, east,
west, south) as shown in Fig. and following the same procedure seen for the 1D case, but now
using double integrals (along both x and y). The procedure leads to the following final discretisation

equation:

16



6 THE FINITE-VOLUME METHOD — 3D, STRUCTURED MESH

anTn + awTw + apTp + apTg + asTs = b, (36)

which, at a first glance, differs from the 1D case, Eq. , only for the presence of the extra north
(N) and south (S) neighbour contributions. Of course, the coefficients ay, aw, ..., now write slightly
differently, but the main point that we want to make here is that the discretisation equation for the
2D case is very similar to that for the 1D case. The only extra terms come from the fact that, in 2D,
we have two more CV neighbours whose energy fluxes impact the temperature of the central cell in P.

Let’s now think of assembling the system of equations made of Eq. for each CV of the domain.
Let’s consider that our square/rectangular domain is decomposed with a structured mesh of n, cells
along the horizontal direction, and n, along the vertical direction, so n = n;, x n, mesh cells in total.
For the generic ¢ — th cell, we can rewrite Eq. to express the indexes in a code-friendly manner
as we did before. First, let’s clarify the indexes of the neighbours. If we adopt the west-to-east and

north-to-south indexing approach as depicted in Fig. we have:
P—i, E—i+l W—=i—-1 N-—oi—ng S—i+n,. (37)

Note the “power” of the structured mesh: from 7, we can retrieve the indexes of the 4 neighbours
simply by adding/subtracting 1 or n,. Therefore, for the i — th control volume, the code-friendly
version of Eq. will look like:

i i—ng Li—ny + aii1Ti1 + a; i T + a; i1 Tiv1 + @i ign, Livn, = bi, (38)

where, just like for the 1D case, the first subscript refers to the CV which the equation refers to, and
the second subscript refers to the contributing neighbour. Assembling the n equations for the n control
volumes, we will obtain again a matricial problem A x T = B, where A is the n X n matrix of the
coefficients, T is the n x 1 vector of unknowns and B is the n x 1 vector of known terms; n is the total
number of cells of the domain (n = n, x n,). The matricial system to be solved looks analogously to
the 1D case, but there is an important difference in the layout of A, which is schematically sketched in
Fig. there are still three nonzero diagonals just like in the 1D case but, more externally, there two
additional nonzero diagonals that were not there in 1D. Intuitively, these two extra nonzero diagonals
are due to the north (diagonal 4,7 — n,) and south (diagonal i,i + n,) neighbour contributions. A is

a so-called pentadiagonal matrix, due to the 5 nonzero diagonals.

The figure on the title page of this document has been obtained by solving Eq. with the
finite-volume method, with Dirichlet boundary conditions at all four boundaries (right, bottom, left:

T =293K, top: T =393K) and S(z,y,T) = 0, using the opensource finite-volume solver Openfoam.

2D finite-volume method — Further reading: Patankar [3], Ch. 4.4.1.

6 The finite-volume method — 3D, structured mesh

The extension to 3D and structured meshes is now trivial. Again, this is shown here for completeness,
but you are not required to know this for the assessment, so it is only for your information.

The steady-state heat conduction equation in 3D reads as follows:
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6 THE FINITE-VOLUME METHOD — 3D, STRUCTURED MESH

g (.0T o (.0T o (.0T
- il — - _ il T) =
E. (Aax)—i_ay (x\ay)+6z ()\GZ)—FS(x,y,z, ) =0, (39)

For simplicity, we will consider the discretisation of the equation above over a simple, cuboid

domain, see Fig. which can be decomposed into well-ordered cubic control volumes. The finite-
volume discretisation of Eq. on a structured mesh can be done using a 6-neighbour stencil (north,
east, west, south, top, bottom), and following the same procedure seen for the 1D /2D cases, but now
using triple integrals (along x, y and z). The procedure leads to the following final discretisation

equation:

[ arlTt + anTn + awTw + apTp + agTy + asTs + agTp = b, (40)

which, compared to the 2D case, incorporates the extra contribution of the top (T) and bottom (B)
neighbours. Considering a computational mesh with n = n, x n, xn, cells, indexed from west-to-east,
north-to-south and top-to-bottom, such that T — i —n, X n, and B — i + n; X n,, the code-friendly
version of Eq. for the ¢ — th control volume will look like:

Qii—ngxny Li—ngxny, + Qii—ng Ti—n, + aii1Ti1+ (41)

+aiiTi + a;iv1Ti41 + Qi ing Tivng + Qijitng xny Titng xn, = bis (42)

Therefore, assembling the n equations for the n control volumes, we will obtain again a matricial prob-
lem A x T = B, where A is the n x n matrix of the coefficients, T is the n x 1 vector of unknowns and
B is the n x 1 vector of known terms; n is the total number of cells of the domain (n = n, x ny x n.).
The layout of A resulting from the 3D structured mesh is schematically sketched in Fig. there
are still five nonzero diagonals just like in the 2D case but, more externally, there are two additional
nonzero diagonals that were not there in 2D. Intuitively, these two extra nonzero diagonals are due to
the top (diagonal ¢,7 — n, x n,) and bottom (diagonal i,i + n, x n,) neighbours contributions. A is

a so-called eptadiagonal matrix, due to the 7 nonzero diagonals.

3D finite-volume method — Further reading: Patankar [3], Ch. 4.4.2.

(a) (b)

Figure 7: (a) An example of a 3D structured mesh. (b) Architecture of the matrix of the coefficients

for a 3D structured mesh case.
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7 THE FINITE-VOLUME METHOD — UNSTRUCTURED MESH

7 The finite-volume method — Unstructured mesh

A clear limitation of structured grids is that they are not suitable for complex domains, such as those
often encountered in engineering problems, see for example the airfoil in Fig. In such cases, it is
preferable to employ an unstructured mesh, that is, a mesh that does not show any regular structure
(Fig. but that, for the same reason, can easily follow the complex boundaries of the domain.
Below, we will briefly introduce how to extend the finite-volume method to deal with an unstructured
grid; bear in mind that you are not required to know this for the assessment, so it is only for
your information.

The steady-state heat conduction equation is now written in its most general form by using vector

calculus notation:

V- (AVT) + S(x,T) =0, (43)

where the nabla operator V writes differently depending on the system of coordinates used. There-
fore, Eq. is valid for any 1D/2D/3D case. The finite-volume discretisation of Eq. in the case
of a control volume with non-orthogonal boundaries, e.g. a skewed triangle or polygon, is not trivial
but, based on the experience built with the previous sections, we can imagine that the discretisation
equation for a generic CV will involve contributions from the neighbour cells, i.e. cells that share a
face with the CV. Consider the situation depicted in Fig. where the 68th cell has the three cells
67th, 75th and 99th as neighbours. Intuitively, the finite-volume discretisation of Eq. for the 68th

cell may look like:

aes,67 167 + aeg,68T6s + aes,75175 + a68,99T99 = bes, (44)

1 CF I
o
/ A
\ / 0 100 200 300 400

~V Nonzeros = 7551 (3.291%)

(a) (b) ()

Figure 8: (a) An example of an unstructured (2D) mesh; source: Versteeg and Malalasekera [5]. (b)
Control volume configuration and indexing for unstructured case. (c) Architecture of the matrix of
the coefficients for an example unstructured mesh case, the blue dots indicate nonzero coeflicients, the

white spaces indicate zeros; source: Mathworks.
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7 THE FINITE-VOLUME METHOD — UNSTRUCTURED MESH

whereas for the 75th cell:
ars 24124 + a7s.68T68 + ars,75175 + ars.76T76 + ars121T121 = brs. (45)

Note that now the cell connectivity is quite random, and therefore the information about the indexes
of the neighbours of each control volume will need to be stored somewhere, with consequent increase
of the required memory, compared to structured grids where this is not necessary. When we assemble
the system of n linear equations for the n control volumes making up the discretised domain, we still
obtain a matricial problem A x T = B, where A is the n x n matrix of the coefficients, T is the n x 1
vector of unknowns and B is the n x 1 vector of known terms. However, the consequence of the irreg-
ular grid connectivity of the unstructured mesh is now readily apparent on the layout of the matrix
of the coefficients, see the example in Fig. the nonzero elements of the matrix are now sparsely
distributed, while most of the coefficients are still zero. A is now a sparse matrix. More memory
is required to store the data of sparse matrices, compared to band-diagonal (tri/penta/eptadiagonal)
matrices. Consider that, to save space, we do not want to store the full n x n matrix (i.e. n? ele-
ments), but only the nonzero coefficients (which are ~ n). For band matrices this is easy: only the
nonzero diagonals are stored, as separate vectors, and each vector is identified by one single index
that “remembers” the location of the diagonal within the matrix. However, for sparse matrices, the
nonzero elements (which are always very few, ~ n) are randomly distributed, and more sophisticated
and memory /time-consuming methods are necessary in order to efficiently index and store only the
nonzero elements. Since the linear solver (which solves A x T = B) needs continuous access to the
elements of the matrix during the calculation, a slower access results in a more RAM- and time-
consuming simulation (further reading: Press et al. [4], Sec. 2.4 and 2.7). Furthermore, linear solvers
take advantage of the regular structure of A resulting from structured meshes, and tend to be more

efficient than general purpose linear solvers (for sparse matrices).

We are now ready to summarise the main pros and cons of structured and unstructured grids:

e Structured meshes do not need to store the CV connectivity (whereas unstructured meshes do
need it), thus saving disk space and reducing the number of operations during the solution

procedure.

e Structured meshes need less memory space and allow faster access to the matrix elements during
the solution of the linear system, compared to unstructured meshes, because all the nonzero

elements are well-organised along diagonals.

e Linear solvers specific for band matrices (structured mesh) are more efficient than general pur-

pose ones.

e Structured meshes are limited to very simple computational domains, while unstructured meshes

are more suitable for the complex geometries encountered in engineering applications.

Finite-volume method for unstructured mesh — Further reading: Versteeg and Malalasek-
era [5], Ch. 11.6.
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9 INDICATORS OF THE ACCURACY OF THE NUMERICAL SOLUTION

8 Brief introduction to the solution of the linear system

The brief introduction to the finite-volume method in 2D and 3D, and unstructured meshes, had the
scope of showing that, regardless of the dimension of the problem (1D/2D/3D) and of the regularity
of the grid (structured/unstructured), the numerical solution of a differential equation on a computa-
tional mesh with n cells always involves the solution of a linear system of n equations, A x T = B,

with n unknowns 17,75, ..., T}, with:

a1 - Qip Ty b1

Gn,1 **° Qnn T, by

Depending on the morphology or regularity of A, e.g. full, band-diagonal, triangular, symmetric,

positive definite, etc. etc., there exist optimal solution algorithms. These can be grouped into:

e Direct methods: compute the solution 17,75, ..., T}, within a finite number of operations.

e Iterative methods: are based on the sequential evaluation of approximate solutions that are

supposed to converge to the exact solution after co iterations.

Direct and iterative algorithms will be the subject of the next class and are discussed in another

document.

9 Indicators of the accuracy of the numerical solution

At this point, you should have understood that the numerical solution of a differential problem (for
those treated in this module) involves the solution of a linear system of equations, A x T = B.
Therefore, how can we make sure that the numerical solution 71,75, ..., T,, calculated at discrete grid

points X1, X2, ..., Xn, now in bold font to account for 2D /3D geometries, is correct?

e The first tool that we have is, of course, our intuition. Look at the solution! For example, if
there is no source term (S(x,7) = 0), and you have Dirichlet conditions at all boundaries, it
should be intuitive that the solution should be bounded between the boundary values. In the
example depicted on the title page, where the boundaries are kept at 293 K and 393 K, it would
not make sense to see temperatures 7' < 293K or T' > 393 K.

e Are the boundary conditions respected? If you have a Dirichlet boundary condition at a bound-

ary, is T' on that boundary equal to the value that you imposed? If you have a Neumann

w e
-t 4w =T
. . °
Tw Tp Ty

Figure 9: Sketch of the heat fluxes calculated at the faces of the control volume P, in a 1D geometry.
Remember that g, = —Ay(Tp — Tw)/0z, and ge = —Ae(Tp — Tp) /0, -
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9 INDICATORS OF THE ACCURACY OF THE NUMERICAL SOLUTION

boundary condition, is the temperature gradient (or heat flux) at the boundary equal to the set

value?

Always try to compare your numerical solution with benchmark data, although this is not always
possible. If the problem is simple and it has a theoretical solution (like those that we will see
in this module), then compare the numerical solution with the analytical solution. If this is
not possible, try to gather validation data from experimental measurements or numerical results
obtained by someone else, that can be found in the literature. The ERCOFTAC database is a

valuable resource for fluid flow data.

The three tools listed above verify that your solution is mathematically and physically correct.
But is it numerically correct? The first thing you can look at is whether the problem A x T =B
has been solved correctly by your linear solver. Hence, the first check you can do is about the
residual error:

[ B-AXT|

 |diag(A) x T| (46)

where the numerator is the absolute error which tells you how far you are from the exact solution,
that is B— A x T = 0, and the denominator is a normalisation factor that makes the magnitude
of the error independent of the scale of the problem. Numerical methods can never achieve the
perfect R = 0 solution, but a good solution has R < 1079, depending on the complexity of the

problem, as a rule of thumb.

Is the energy balance respected? At steady-state, and for S(x,T") = 0, we are expecting that
the sum of the in/outgoing fluxes in each cell is zero. If we are solving the heat equation in
1D, this means that ¢, — ¢¢ = 0 in each cell, with ¢ being the heat flux (remember Fourier:
g = —AdT/dx) which is always calculated on the control volume faces, according to the two

neighbour cell-centred temperatures (recall Eq. ):

dT dT Tp — T Tp—T
qwquO:»[Adw] +[A ] =02 Ay At = 0. (47)

dx

e

Since we are solving the heat conduction equation numerically, the balance above will not be
perfectly equal to zero. In order to obtain an indication of the total unbalance, we sum up the

absolute values of the difference above, looping through all the n cells of the domain:

i=n
Z ‘Qi,w - Qi,e‘
error ==L (48)
Qref

where ¢,.s is an arbitrary reference value that rescales the absolute error to make it independent
of the scale of the problem. This can be an average of all the heat fluxes in all the cells,
Qref = D |@wl|, or a reference value based on the boundary conditions, e.g. if we have Dirichlet

conditions, gref = A|To — Tp|/ L.

The convergence order of the solution. We have seen in Sec. that the truncation error

committed when discretising first-order spatial derivatives with a central-difference scheme is
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O[(6x)*T"], i.e. the central-difference scheme has convergence order 2 (or, equally, is a second-
order method), and therefore we expect this error to decrease 4 times if we halve the grid spacing.
The steady heat conduction equation requires discretisation of the first-order spatial derivative
only, and therefore the overall truncation error committed when discretising the equation is
that related to dT'/dx; if other higher-order derivatives with respect to x were present, each
requiring its own discretisation via a truncated Taylor expansion, then the overall error would
be related to the lowest convergence order among the different terms of the equation. In the
present case, where only d71'/dx is present and is discretised using a second-order scheme, we
expect our discrete temperature solution to become 4 times more accurate (in space) if we halve
the grid spacing. Verification of this allows us to verify that the numerical method does what
expected. How do we verify this? We can repeat the simulation with different mesh spacings,
e.g. doubling and halving the starting value of dz, and keep record of the deviation between the
numerical and exact solution at a specific point of the domain. Then, we plot a graph of this
deviation vs dz in log-log coordinates, and we find the exponent of the curve error ~ (dz)F,
which represents the convergence order of our solution with respect to the spatial discretisation.
If the convergence order that we expect from our method, based on the truncation error of the
spatial discretisation schemes adopted, is close to k, then the method behaves correctly. We will

see this in Worked example 2 below.

10 Matlab tutorials: finite-volume solution of the steady 1D heat

equation

10.1 Worked example 1: Dirichlet boundary conditions, zero source term

Implement a FV code in Matlab to solve the steady 1D heat conduction equation, Eq. (11h), with the

following conditions:
o L =1m.
e Zero source term, S = 0.
e Constant thermal conductivity, A = 400 W/(m K).

e n = 21 equidistant nodes.

Ta Tb

Figure 10: Sketch of the domain and boundary conditions for the tutorials.
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e Dirichlet boundary conditions at both boundaries, T'(x = 0) = T, = 300K and T(x = L) =
T, = 320 K.

To solve the linear system, make use of matlab’s “backslash” operator: T'= A\ B, which is based
on a direct method (Mathworks). Perform the solution checks suggested in Sec. @ The problem has
the following theoretical solution:
Ty —Ta

x.

T(x) =1,
(2) =T+ =2

(49)

Solution

Ok, so all we need to do is to create the matrix A and vector B, based on the finite-volume dis-
cretisation of the heat equation for this specific worked example. We have seen how to do this in
Sec.

Let’s start with defining the geometry. We take n = 21 control volumes, with the centres of the
two boundary control volumes matching the domain boundaries, as sketched in Fig. Considering
equidistant CV centres, the distance between adjacent centres is éx = L/(n—1) =1/(21—1) = 0.05m.
By taking the CV faces midway between adjacent centres, the width of internal control volumes is
Ax = éxr = 0.05m, whereas the width of the two boundary control volumes will be half of this,
Ax = 0.025 m. However, for Dirichlet boundary conditions, we will not need the Az of the boundary
CV.

Let’s consider the first control volume, whose centre coincides with the z = 0 boundary:
CVi) aipTip+aigTig=b1 = ainTh + a1 2T = by, (50)

and, owing to the Dirichlet boundary condition, Eq. , a1 =1, a12 =0 and by =Tj,.

For any internal control volume:
CVi) agwTiw +aipTip+aigTip = b = aji—1Ti—1 + a; i T; + a; i41Ti41 = by, (51)

where the coefficients are, Eq. , aii—1 = —A/dz, a;; = 2\/0x, a; ;41 = —A/dz and b; = 0. Note
that, compared to Eq. , we are disregarding the source term contributions to a;; (that is, —SpAx)
and b; (+ScAx), but for this example it does not matter because the source terms are zero. Feel free
to include them if you wish to write a more general solution code.

For the last control volume:
CVn) an,WTn,W + an,PTn,P =b, = an,n—lTn—l + an,nTn = bn, (52)

and, owing to the Dirichlet boundary condition, Eq. , anp =1, app—1 =0 and b, = Tj.

Therefore, the matrices will look like:

1 0 0 O 0 0 0 0 T,
: : 0

A=10 0 -5 22 —2 0 0|, B=
: : 0
0 0 0 0 0 0 0 1 Ty
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Looking at our matlab code, we can start with the definition of the problem parameters, generation

of a vector storing the nodes locations, and calculation of the distance between CV centres (dz):

1  %%%%% Computational Modelling Techniques Part 1: Numerical Methods
2 %%%%% i pl t f th D st t equat
3 1sh, i )iy lar nd te
4

5= clear all; close all; clc; I J ace, fig ’ 1 window
6

7 555555 %%% 1ysi parameter

H= L=1; Ta=300; Tb=320; lambda=400;

9

10 EEEEEEEEEE%S Nur rical AT cer

1hilf— n=21;

12

13 55555555 %%%%%% Grid generation

14 — x0=linspace(0,L,n); dx=L/(n-1); % x0: nodes positions

where linspace generates a linearly spaced vector (type help linspace on the command window

for help with Matlab commands). Let’s now create and fill the matrix A and vector B:

16 555555 %5%5%%5%%%% Creating the matrix

17/1= A=zeros(n,n); B=zeros(n,l); % Fill matrix with zer

18

19 — A(l,1)=1; B(l)=Ta;

20 — A(n,n)=1; B(n)=Tb;

21

22 for i=2:n-1

wEi= A(i,i-1)=-lambda/dx; A(i,i)=2*lambda/dx; A(i,i+l)=-lambda/dx;
24 — B(i)=0;

25| end

where in line 17 we first fill our matrices with zeros. You see in lines 19 and 20 that we start with

introducing the elements related to the two boundary control volumes, i.e. a1 1 =>A(1,1), by =B(1),

ann =A(n,n) and b, =B(n). Then, we use a for loop from the 2nd to the (n-1)-th row to populate

the nonzero elements of the matrices. Line 24 is not really necessary because all the elements of B,

except the first and last, are already zero owing to line 17. After this step, you may potentially take

a look at your A and B matrices by typing A or B in the command window. We are expecting that

the first/last rows of A have 1 on the diagonal and all 0 elsewhere; the 2nd to one-to-last rows will
show 2A/dx = 16000 on the main diagonal and —\/dz = —8000 at its sides; B should simply exhibit
T, = 300 and T, = 320 as first/last entries, and 0 otherwise.

At this point, we are ready to solve the matricial problem A x T = B using Matlab’s backslash

operator:
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2= T=A\B; Matlab backslash

28 — figure('color','w'); plot(x0,T,'rs'); grid on;

29 - |>:label(';-: [m]"); ylabel('T [K]")

Sl hold

31

32 5%%%% Comparison with theoretical solution

SEl= Tteo=Ta+ (Tb-Ta) *x0/L;

34 — plot (x0,Tteo, "k-")

85! legend('backslash', 'Exact"')

36 — error=mean (abs (T-Tteo')) %%% Need to transpose Ttec

37

38 $%%%% Check of residuals

= residual=sum(abs (B-A*T) ) /sum(abs (diag (A) .*T)) * jefined a: B-A*T|/|diag (A).T
40

41 @ %%%%% Check of energy balance

42 — num=0; den=0;

438 = for i=2:n-1

44 — num=num+abs (-lambda* (T (i) -T(i-1)) /dx+lambda* (T (i+1) -T (1)) /dx) ; sum(|g w-q e|)
45 — den=den+abs (lambda* (T (i) -T (i-1)) /dx); %%% sum(|g w|)

46 — end

47 — unbalance=num/den*100 %%% error=sum(|g w-q e|)/sum(|g w|)*1

where line 27 is the very last line involved in the solution of the problem. Lines from 28 on have

to do with the postprocessing. We can now go through the checklist outlined in Sec. [9}

e [s the solution bounded between the boundary values? Lines 28-35 generate the figure shown in
Fig. [11(b)l where the numerical and exact solutions are compared. We can conclude that yes,
the solution seems to be bounded between T, = 300 and Tj = 320.

e Are the boundary conditions respected? We can click on the boundary points in the matlab

320 : - : : £
O Backslash
— Exact
B 315
. 310 |
'—
residugal
hatance 30004
0 0.2 0.4 0.6 0.8 1
X [m]
(a) (b)

Figure 11: Worked example 1: (a) Output on the command window and (b) figure generated comparing

the numerical and exact solution.
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figure (or output T in the command window) and we see that the boundary values match the

boundary conditions.

e Comparison with a known solution. In this simple case, the problem has analytical solution,
Eq. , which is plotted in Fig.[11(b)l Numerical and theoretical solutions seem to match quite
well. Line 36 calculates an average error which is then displayed on screen, see Fig. |11(a), and
the error is actually zero. This is a very special case, that happens because the solution of our

problem is very simple.

e Are the residuals sufficiently small? Equation for the calculation of the residuals is im-
plemented in line 39, where the one-norm (sum of absolute values of the elements of a vector)
is chosen to compute the absolute values of the vectors at both numerator and denominator.
The output on screen shows that the error in zero. Again, this is a very special case, where the

solution of the problem is very simple.

e [s the energy balance respected? The calculation of the overall unbalance, based on Eq. ,
is performed in lines 42-47, the output is zero. Note that the for loop in line 43 runs from
i=2:n-1, thus for simplicity we are discarding the first and last control volumes, where one of

the neighbours is missing.

e There is no point in calculating the convergence order of the solution. The exact solution of the
problem is a linear function, Eq. , and therefore any derivative of T'(x) above the first-order
is zero. As such, the truncation error associated with the second-order discretisation of dT'/dx,
O|(6x)2T™), is zero, which explains why the deviation between numerical and analytical solution
is exactly zero. Repeating the simulation for different values of n would simply yield solutions

with zero errors. It will not be so in the next worked example.

10.2 Worked example 2: Dirichlet boundary conditions, nonzero source term

Repeat the previous example, but this time with the nonzero source term S = S¢ + SpTp, with
Sc = 5000 W/m? and Sp = —100 W/(m?K). The ODE governing the problem is now:

A" + Sc + SpT =0, (53)

with T = d*T'/dz?. For Dirichlet boundary conditions, T'(z = 0) = T, and T(x = L) = T}, this has

the following analytical solution:

S
£6) e g 5 o
with:
Tb—<§*C+Ta)€”2L+§fC S
,U12::|: —Si, cl = L P, 02:Ta—|——c—01_ (55)
’ D et l — ep2l Sp

Note that now the theoretical solution of the ODE is an exponential function of x, which has nonzero
derivatives at all orders, and hence we are expecting a nonzero truncation error when using a central-
difference discretisation scheme for the derivatives in our numerical method, unlike the previous ex-

ample.
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Solution

Compared to the previous example, the only differences in A and B are that now they must include
the contributions due to the nonzero source term. The geometry is unchanged, so refer to the previous

exercise for the definition of dx and Az. The entries for the first control volume do not change:
CVi) aipTip+aigTig=b1 = a1+ a1 = by, (56)
with a11 =1, a12 = 0 and b; = T;. For any internal control volume:
CVi) aiwTiw +aipTlip+aiglip=0b = aii1Ti—1 + a;iiT; + a; i+1Ti41 = by, (57)

where the coeflicients now are, Eq. , aji—1 = —\/dz, a;; = 2\/dx — SpAz, a; ;41 = —\/dx and
b; = ScAx. So, you can see that the only changes compared to the previous exercise are in a;; and
b;, which now embed the nonzero source term coefficients. The entries for the last control volume are

unchanged:
CVn) an,WTn,W + an,PTn,P =b, = an,nflTnfl + an,nTn = by, (58)

with a,, =1, apn—1 = 0 and b, = Tj,. Therefore, the matrices will look like:

1 0 0 0 0 0 0 ...0 T,
: SclAx

A=1|0 0 -5 28 —SpAz —% 0 0, B=|
: ScAz

0 ... 0 0 0 0 0 0 1 T

""" backslash, with Dirichlet boundary conditions and linea:

= clear all; close all; clc; % clears workspace, figures, command window

s W N =

7 L L L 5 ranysical parame

8 — L=1; Ta=300; Tb=320; lambda=400;
2= Sc=5000; Sp=-100; Source term S=Sc+Sp*T
10

11 Numerical parameter

12 — n=21;

13

14 %% %%%%%%%4 5% Grid generation

15| = x0=linspace (0,L,n); dx=L/(n-1); Dx=dx;

er:s

This initial part is essntially unchanged, you see that in line 9 now we define the constants involved
in the source term, and in line 15 we add the definition of Az (Dx), which actually refers to internal
control volumes, because the boundary control volumes are half of this size. However, because of
the Dirichlet boundary conditions, we do not need the width of the boundary control volumes, and

therefore here we simply define Az based on the internal control volumes. But be careful in the case
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you want to use this code for Neumann boundary conditions, because in that case you’ll need to adapt
it according to Eq. .

Let’s now create and fill the matrix A and vector B:

17 E555%5%5%% $%%%%% Creating the matrix

18 — A=zeros(n,n); B=zeros(n,l); % Fill matrix with zeros

19

20 — A(l,1)=1; B(l)=Ta; % Node 1

2= A(n,n)=1; B(n)=Tb; % Node n

22

2= for i=2:n-1

24 — A(i,i-1)=-lambda/dx; A(i,i)=2*lambda/dx-Sp*Dx; A(i,i+l)=-lambda/dx;
2= B(i)=Sc*Dx;

26 — end

This is not much different from the past example, but now you can see in lines 24 and 25 that
the contributions of the source terms have been included in A(i,i) and B(i). After this step, you
may potentially take a look at your A and B matrices by typing A or B in the command window.
We are expecting that the first/last rows of A have 1 on the diagonal and all 0 elsewhere; the 2nd to
one-to-last rows will show 2)\/dx — SpAx = 16005 on the main diagonal and —\/dx = —8000 at its
sides; B has T, = 300 and T}, = 320 as first/last entries, and ScAxz = 250 otherwise. At this point,

we are ready to solve the matricial problem A x T = B using Matlab’s backslash operator:

28 — T=A\B; % Matlab backslash

29 figure('color','w','units', 'Centimeters', 'position', [5 5 7.5 7])

30— plot (x0,T,'rs'); grid on; xlabel('x [m]'); ylabel('T [K]'); hold on

31

32 %%%%% Comparison with theoretical solution

SE)= mul=sqrt (abs (Sp) /lambda) ; mu2=-sqrt (abs (Sp) /lambda) ;

34 — cl=(Tb- (Sc/Sp+Ta) *exp (mu2*L) +Sc/Sp) / (exp (mul*L) -exp (mu2*L)); c2=Ta+Sc/Sp-cl;
9= Tteo=cl*exp (mul*x0)+c2*exp (mu2*x0) -Sc/Sp;

36 — plot (x0, Tteo, 'k-"); legend('Backslash', 'Exact')

Sill e error=mean (abs (T-Tteo')) i to transpose Tt

38

40 — residual=sum(abs (B-A*T)) /sum(abs (diag(A) .*T)) %%% defined as |B-A*T|/|diag(A).T
41

42 %%%%% Check of energy balance

43 — num=0; den=0;

44 — for i=2:n-1

45 — num=num+abs (-lambda* (T (i) -T(i-1)) /dx+lambda* (T (i+1)-T(i))/dx+...

46 (Sc+Sp*T (i) ) *dx); %%% sum(|g w-g e+\bar{S}|)

47 — den=den+abs (lambda* (T (i) -T(i-1))/dx); %%% sum(|g w|)

48 — end

49 — unbalance=num/den*100 %%% error=sum( |lg_w-g_e+\bar{s}|)/sum(|q_w|)*100 [%]

The chunk of code above is very similar to what has been seen for the previous example. Line 28
finds the discrete temperature solution, which is plotted and compared with the theoretical solution,
Eq. , using lines 29-36; the output figure is displayed in Fig. where differences between
numerical and exact solutions are negligible. The average error, calculated in line 37 and output on
screen (Fig. [12(a))) is very little, on the order of 10~* K. Note that the absolute value of the error is not

a good indicator, it is always better to take a relative error, as example taking a boundary temperature
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as a reference value; in this case, this would make 10~#/T, ~ 1076 — 107, which is anyway very small.
Residuals are very small as well, which indicates that the linear system is solved accurately. Lines
43-49 compute the overall energy balance of the system. Owing to the nonzero source term, we cannot
use Eqgs. or as done in the previous example, but we must rewrite the energy balance of the

control volume to account for the presence of the source term. From Eq. :

dT dTl’
Gw — g + (Sc + SpTp) Az =0 = — [/\dx] + [)‘dx] +(S¢ + SpTp) Az =0 (59)
= — Ay TPé_ - + /\eTE(;_ i + (Sc + SpTp) Az = 0, (60)

which is the equation coded in lines 45-46 to calculate the numerator of the expression for the overall
unbalance. The denominator is an arbitrary reference, which is taken to be the same as for the previous
exercise. Again, in the for loop in line 44 we are discarding the first and last control volumes, where
one of the neighbours is missing.

The overall unbalance, reported in Fig. is very small, which is a very good result. This
means that the overall energy of the system is well preserved by the solution method and algorithm.

Now, we have verified that our solution is quite good, because the deviation with the exact solution
is very small. But we have done this for one value of n only, what does happen to our solution (or
to the error) when we change the number of nodes? Intuitively, we expect the error to reduce as we
increase n and thus decrease the grid spacing dx. Let’s rerun the simulation for different values of n.

We can do this by adding the following chunk of code:

320 - - 7
O Backslash
— Exact
o 35
error =
2.550771082388521e-04 310 |
=
|—
residual = 3051
2.899429999035840e~-17
3000
unbalance = 295 . . . |
] 0.2 0.4 0.6 0.8 1
3.636052964066206e-12
X [m]

(a) (b)

Figure 12: Worked example 2: (a) Output on the command window and (b) figure generated comparing

the numerical and exact solution.
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mean{IT-Tteﬂl} [K]

107G :
107 1072 10™
ax [m]

Figure 13: Worked example 2: analysis of the convergence of the solution error upon refinement of

the mesh.

51 To order, we need to repeat the simulation for
52 $%%%% d . 1

S9|= n=[11 21 51 101 201 501 1001];

54

5= for j=1l:numel (n)

56 — x0=1linspace (0,L,n(j)); dx=L/(n(j)-1); Dx=dx;

S7= A=zeros(n(j),n(j)); B=zeros(n(j),1l);

58 — A(l,1)=1; B(l)=Ta;

59 — A(n(j),n(j))=1; B(n(j))=Tb;

60 — for i=2:n(3)-1]

61 — A(i,i-1l)=-lambda/dx; A(i,i)=2*lambda/dx-Sp*Dx; A(i,i+l)=-lambda/dx;
62 — B(i)=Sc*Dx;

(53— end

64 — T=A\B;

65 — figure('color','w', 'units', 'Centimeters', 'position', [5 5 7.5 7])

66 — plot (x0,T,'rs'); grid on; xlabel('x [m]'); ylabel('T [K]'); hold on
67 %%% Theoretical solution

68 — Tteo=cl*exp (mul*x0)+c2*exp (mu2*x0)-Sc/Sp;

69 — plot (x0,Tteo, 'k-"); legend('backslash','Exact'); title(['n=',num2str(n(j))]):
05 error (j)=mean (abs (T-Tteo'));

Thll= end

2= dx=L./(n-1);

7/3= figure('color','w', 'units', 'Centimeters', 'position', [5 5 7.5 7])

74 — loglog (dx,error, 'o-"); grid on;

79— xlabel ('\deltax [m]'); ylabel('mean(|T-T {teo}|) [K]")

where we are testing 7 different values of n, see line 53, which give éx from dz = 0.1m (n = 11)
to dz = 0.001m (n = 1001). The entire process of grid generation (line 56), filling the matrix (lines
57-63), solution (line 64), plotting and comparison with the exact solution (lines 65-70) is now done
within an external for loop that repeats the simulation for each desired value of n. The different plots

comparing numerical and exact solutions for each n will not emphasise any difference, as the two are
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very close already for very coarse meshes. Lines 72-75 generate a summary figure for all values of n,
Fig. that plots the average error as a function of the nodes spacing, in log-log coordinates. By
inspection of Fig. [[3] we immediately notice that the error decreases as dx decreases, which is a first
sanity check for our solution. But there is more than that. You see that the error follows a linear trend
with 0z in log-log coordinates, which suggests an exponential dependence of the kind error ~ (dz)*.
The value of k is easily deduced from Fig. when 6z is reduced by a factor 102 (from 0.1 to 0.001),
the error decreases by a factor 104, This emphasises that k = 2, error ~ (6x)?, which means that the
numerical solution converges to the exact solution with the second-order with respect to the mesh size
dx. Was this expected? Yes, indeed, this is the result of the central-difference discretisation scheme
used for the first-order derivative, see Sec.[4.1] The central-difference scheme is obtained by calculating
the first-order derivative starting from a Taylor expansion truncated at the second-order term, and
Eq. shows that the associated truncation error is O [((5:6)2] This coincides with what we see in
Fig. and enables us to positively tick the last bullet point of the verification of the accuracy of the

numerical solution, see Sec. [0

10.3 Worked example 3: Neumann boundary conditions, nonzero source term

Repeat Worked example 1, but this time with a Neumann boundary condition at x = 0, say ¢ =
10 W/m?2. Follow the procedure illustrated in Section to write the correct coefficients for the
boundary node. You can try to solve this problem first with a zero source term, and then with a
nonzero, temperature-independent source term S = S with Sc = 50000 W/m3. In both cases, there

exists an analytical solution, derived here. The ODE governing the problem is:
A" + Se =0, (61)

to be solved with boundary conditions 7"(x = 0) = —¢/A and T'(x = L) = T,. The solution can be
obtained by integrating twice the equation above and finding the two integration constants thanks to

the boundary conditions, this leads to:

T() =T+ 1L —2) 4 2517~ a?), (62)

which is valid also in the case that S = 0.

Solution

We show the solution algorithm for the general case in which S = S¢ = 50000 W/m?, the case with
S = 0 can be solved simply setting So = 0 in the same code. The starting code can be the same as
that of Worked example 1, to which we must add the new boundary condition and the nonzero source
Sc; or that of Worked example 2, tho which we must add the new boundary condition and set Sp = 0.

We begin with defining the physical and numerical parameters:
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clear

all;

N o s W N =

close all;

Physical

lelli
Neumar
clc;

parameters

8 —

L=1; ga=10000; Tb=320; lambda=400;
Sc=50000; % Source term S :

with line 8, gqa=10000, that now defines the heat flux at

the £ = 0 boundary. No new code is

necessary with regards to the grid generation:

14 EEEEEEEEHEEEES srid generation

15— x0=linspace(0,L,n); % x0: nodes positions
16 — dx=L/ (n-1); Dx=dx; DxB=Dx/2;

17

When creating the matrix, we need a new set of coefficients for the control volume 1, now subjected
to a Neumann condition. The discretisation equation for the leftmost control volume subjected to a

Neumann condition, Eq. in this document, translates into:

A

oz’

A

ai1 = a1p = =5 b1 = ScAzxp + qa, (63)

which coincides with the modified line 21:

18 BEEEEE5E5%%%%% Creating the matrix

19 — A=zeros(n,n); B=zeros(n,1l); Fill matrix witl

20

Al = A(l,1l)=lambda/dx; A(l,2)=-lambda/dx; B(l)=Sc*DxB+ga; % Node 1
22 = A(n,n)=1; B(n)=Tb; % Node

Note that, since Sp = 0, this is not included into the expression for a;;. The for-cycle to fill the

matrix is:

24 — for i=2:n-1

25! 5 A(i,i-1l)=-lambda/dx; A(i,i)=2*lambda/dx; A(i,i+l)=-lambda/dx;
26 — B(i)=Sc*Dx;

20 end

We use the backslash operator to solve the problem and plot the solution:

29 — T=A\B; % Matlab backslash
Sl figure('color','w','units', 'Centimeters"', 'position',[5 5 7.5 7])
Bill= plot(x0,T,'rs'); grid on; xlabel('x [m]'); ylabel('T [K]'); hold on

The analytical solution of this problem was given in Eq. and is implemented as:
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3450 420
[m] Backslash 1 [m] Backslash
340 Exact 400 Exact
335 380
= <
- -
330 360
325 340
320 ll 320 ll
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
% [m] % [m]

(a) (b)

Figure 14: Worked example 3: Numerical and theoretical solutions for (a) S¢ = 0 and (b) S¢ =
50000 W /m?.

33 5%%%% Comparison with theoretical solution

34 — Tteo=Tb+ga/lambda* (L-x0) +Sc/2/lambda* (L*"2-x0."2) ;
35! plot (x0,Tteo, 'k-"'); legend('Backslash', 'Exact"')
36 — error=mean (abs (T-Tteo')) %%% Need t transyg

The figure generated by matlab is displayed in Fig. [14(b). The output on the command window

is error=0. Comments:

e The numerical and theoretical solution match exactly. This should not be surprising. Remember
from Sec.[4.Ilthat the truncation error of the central-difference scheme used to discretise the first-
order derivatives in the discretisation equation is proportional to (6x)?T", with 7" = d3T/dx?
being the third-order derivative of the exact solution. However, in the present exercise 7" = 0
because the solution is a parabola, see Eq. , and therefore the truncation error is zero. As

such, the numerical solution matches exactly the theoretical solution.

e The temperature at x = 0 is now a result of the imposed heat flux at x = 0. Note that, since
dT/dx = —q/X and ¢, > 0, at x = 0 we expect dT'/dz < 0, i.e. the temperature should decrease

along z, which is confirmed by the temperature plot in the figure above.

10.4 Suggested exercises

1. Repeat Worked example 1, but this time with a space-dependent source term S(z) = 10°z2. You
should simply rewrite the part of code of Worked example 1 that defines B(1i), paying attention
to make this dependent on the position of the i-th node. The ODE with this source term has an
analytical solution that can be derived easily. The ODE governing the problem is:

N + ca? =0, (64)
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305 O  backslash
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Figure 15: Suggested exercise 1: Numerical and theoretical solutions.
with ¢ = 10°, to be solved with boundary conditions T(z = 0) = T, and T'(x = L) = T. The

solution can be obtained by integrating twice the equation above and finding the two integration

constants thanks to the boundary conditions, this leads to:

T(x) =T, + x4+ — (L3 —2?). (65)

The solution is plotted in Fig.

. Consider water flowing along the horizontal direction between two parallel plates that form
a gap of height H, see schematic in Fig. Water flows because it is mobilised by a
pump which induces a constant pressure gradient of magnitude dp/dx. Discarding the z-
direction, the flow is governed by the two-dimensional Navier-Stokes equations (self-study:

MMME2047-Navier-Stokes); however, under the assumption that the flow is fully-developed

along the x-direction, and that the pressure gradient is a constant, the flow can be studied as a

one-dimensional steady-state diffusion problem, governed by the momentum equation:

d du dp

where u is the horizontal speed of the water, —dp/dx can be treated as a constant source term
(what we used to call S¢), and p is the dynamic viscosity of the fluid. Note that Eq.
is the same diffusion equation that we have solved previously in the case of heat conduction,
with u replacing the temperature T, i replacing the thermal conductivity A, and —dp/dz being
a constant source term S¢ (with Sp = 0), and therefore you can apply the same numerical

methods and solution techniques.

Solve Eq. and compare your solution with the analytical solution for the following set of
parameters: H = 0.005m, dp/dz = —100Pa/m, u = 0.001kg/(ms), 21 equidistant nodes. As
boundary conditions, the top and bottom walls cause the fluid to stop, and therefore: u(y =

0) = 0 and u(y = H) = 0. The analytical solution for this problem is a parabolic velocity profile:
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Figure 16: Suggested exercise 2: (a) Schematic of water flowing in a pipe. (b) Numerical and theoretical

solution.

The numerical and analytical solutions are compared in Fig. [16(b)]
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